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I. INTRODUCTION

We examine the sources of macroeconomic fluctuations by estimating a number of
regime-switching models using modern Bayesian techniques in a unified dynamic sto-
chastic general equilibrium (DSGE) framework. The standard approach to analyzing
business-cycle fluctuations is the use of constant-parameter medium-scale DSGE mod-
els (Altig, Christiano, Eichenbaum, and Linde, 2004; Christiano, Eichenbaum, and
Evans, 2005; Levin, Onatski, Williams, and Williams, 2006; Smets and Wouters, 2007;
Del Negro, Schorfheide, Smets, and Wouters, 2007). In this paper we generalize the
standard approach by allowing time variations in shock variances and in the central
bank’s inflation target according to Markov-switching processes. These time variations
appear to be present in the U.S. macroeconomic time series. An important question is
how significant the time variations are when we fit the data to relatively large DSGE
models with rich dynamic structures and shock processes that are economically inter-
pretable. If the answer is positive, the next equation is in what dimension the time
variations matter. To answer these questions, we estimate a number of alternative
models nested in this general framework using the Bayesian method and we compare
the fit of these models to the time series data in the postwar U.S. economy. The best-
fit model is then used to identify shocks that are important in driving macroeconomic
fluctuations.

Our approach yields several new results. We find strong empirical evidence in favor
of the DSGE model with two regimes in shock variances, where regime shifts in the
variances are synchronized. The models with constant parameters (i.e., no regime
shifts), with independent regime shifts in shock variances, or with more than two
regimes do not fit to the data as well. In our preferred model (i.e., the best-fit model)
with two synchronized shock regimes, the high-volatility regime was frequently observed
in the period from the early 1970s through the mid-1980s, while the low-volatility
regime prevailed in most of the period from the mid-1980s through 2007. This finding
is broadly consistent with the well-known fact that the U.S. economy experienced a
general reduction in macroeconomic volatilities during the latter sample period (Stock
and Watson, 2003).

The fit of our preferred regime-switching DSGE model does not reply on strong
nominal rigidities. In particular, our estimates imply that the durations of the price
and nominal wage contracts last no more than 2 quarters of a year—much shorter than
those reported in the constant-parameter DSGE models in previous studies (Smets and

Wouters, 2007). This finding highlights the sensitivity of the estimates of some key
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structural parameters obtained in models with no regime switching to specifications of
the shock processes. When we allow the shock variances to switch regimes, the model
relies less on nominal rigidities to fit to the data.

Neither does the fit of our preferred model reply on regime shifts in the inflation tar-
get. Allowing the inflation target to shift between two regimes—either synchronized
with or independent of the shock regime switching—does not improve the model’s mar-
ginal data density. This finding is robust to a variety of model specifications and it is
consistent with the conclusion from other works about changes in monetary policy in
general (Stock and Watson, 2003; Canova and Gambetti, 2004; Cogley and Sargent,
2005; Primiceri, 2005; Sims and Zha, 2006; Justiniano and Primiceri, 2008). We focus
on studying changes in the inflation target instead of changes in monetary policy’s
response to inflation for both conceptual and computational reasons. When agents
take into account changes in monetary policy’s response to inflation in forming their
expectations, a solution method to the model is nonstandard (Liu, Waggoner, and Zha,
2009). Indeed, it would be computationally infeasible for us to estimate a large set of
DSGE models like what we do in the current paper since the solution would require an
iterative algorithm that can be time-consuming in Monte Carlo simulations. Further-
more, indeterminacy is more prevalent in this kind of regime-switching model than in
the standard DSGE model (Farmer, Waggoner, and Zha, 2009). For these reasons, we
follow Schortheide (2005) and Ireland (2005) and focus on examining changes in the
inflation target to give the model the best chance to detect changes in monetary policy.
Although we can apply the standard method to solving our regime-switching DSGE
models (as shown in Section V), we have nonetheless pushed the limits of our compu-
tational and analytical capacity because of a large set of regime-switching models we
have estimated.

In the best-fit model, we identify three types of shocks that are important for macroe-
conomic fluctuations. These are a shock to the growth rate of the total factor produc-
tivity (TFP), a shock to wage markups, and a shock to the capital depreciation rate.
Taken together, these three shocks account for about 70 —80% of the variances of aggre-
gate output, investment, and inflation at business cycle frequencies. Other shocks such
as monetary policy shocks, investment-specific technology shocks, and price markup
shocks are not as important. The TFP shocks and the wage markup shocks should be
familiar to a student of the DSGE literature, but the capital depreciation shock is new.

We provide some economic interpretations of the depreciation shock in Section VII.3.
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In what follows, we briefly discuss our contributions in relation to the literature
in Section II. We then present, in Section III, the general regime-switching DSGE
framework. In Section [V, we present the system of equilibrium conditions and discuss
our solution methods. In Section V, we describe the data and our empirical approach.
As a methodological contribution, we propose an efficient methodology for estimating
regime-switching DSGE models; we summarize and discuss several modern methods
for obtaining accurate estimates of marginal data densities for relatively large DSGE
models. In Section VI, we compare the fit of a number of models nested by our general
DSGE framework, identify the best-fit model, and report posterior estimates of the
parameters in this model. In Section VII, we discuss the economic implications of
our estimates in the best-fit model and identify the key sources of shocks that drive

macroeconomic fluctuations. We conclude in Section VIII.

II. RELATED LITERATURE

The debate in the literature on the sources of macroeconomic fluctuations gives
emphasis to whether shifts in monetary policy are the main sources of macroeconomic
volatilities (Clarida, Gali, and Gertler, 2000; Lubik and Schorfheide, 2004; Stock and
Watson, 2003; Sims and Zha, 2006; Bianchi, 2008; Gambetti, Pappa, and Canova,
2008) or whether shocks in investment-specific technology are more important than
other shocks in driving macroeconomic fluctuations (Fisher, 2006; Smets and Wouters,
2007; Justiniano and Primiceri, 2008). Much of the disagreement stems from the use of
different frameworks and different empirical methods. Part of the literature focuses on
reduced-form econometric models, part of it on small-scale DSGE models, and part of it
on medium-scale DSGE models. Some models assume homogeneity in shock variances;
others assume that shock variances are time-varying. Some models are estimated with
different subsamples to reflect shifts in policy or in shock variances; other models are
estimated with the entire sample. Given these differences in the model framework
and in the empirical approach, it is difficult to draw a firm conclusion about the
sources of macroeconomic fluctuations. The goal of the current paper is to provide
a systematic examination of the sources of macroeconomic fluctuations in one unified
DSGE framework that allows for regime shifts in shock variances and in monetary
policy.

Our approach differs from that employed in the literature in several aspects. First,
we aim at fully characterizing the uncertainty across different models by examining

different versions of the DSGE model for robust analysis to substantiate our conclusion.
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Although estimating a large set of models has not been performed in the literature, we
think it is necessary to examine the robustness of a conclusion like ours about potential
sources of macroeconomic fluctuations.

Second, our approach does not require splitting the sample to examine changes in
monetary policy, although it nests sampling-splitting as a special case. Unlike Sims
and Zha (2006) where the number of VAR parameters is relatively large and the in-
flation target is implicit, our way of modeling policy changes takes the inflation target
explicitly and gives a tightly parameterized model that has the best chance to detect
the importance of policy changes, if it exists, in generating business-cycle fluctuations.

Third and methodologically, for fairly large DSGE models, especially for regime-
switching DSGE models, the posterior distribution tends to be very non-Gaussian,
making it very challenging to search for the global peak. We improve on earlier works
such as Cogley and Sargent (2005) and Justiniano and Primiceri (2006) by obtaining the
estimate of parameters at the posterior mode for each model. We show that economic
implications can be seriously distorted if the estimates are based on a lower posterior
peak.

Fourth, there is a strand of literature that emphasizes changes in the inflation target
as a representation of important shifts in the conduct of U.S. monetary policy (for ex-
ample, Favero and Rovelli (2003); Erceg and Levin (2003); Schortheide (2005); Ireland
(2005). Unlike the earlier works, we study a variety of fairly large DSGE models to
avoid potential mis-specifications.

Finally, we use three new methods for computing marginal data densities in model
comparison. Since these methods are based on different statistical foundations, it is
essential that all these methods give a numerically similar result to ensure that the
estimate of a marginal data density is unbiased and accurate (Sims, Waggoner, and
Zha, 2008).

III. THE MODEL

The model economy is populated by a continuum of households, each endowed with
a unit of differentiated labor skill indexed by i € [0, 1]; and a continuum of firms, each
producing a differentiated good indexed by j € [0,1]. The monetary authority follows
a feedback interest rate rule, under which the nominal interest rate is set to respond to
its own lag and deviations of inflation and output from their targets. The policy regime
s¢ represented by the time-varying inflation target switches between a finite number of

regimes contained in the set &, with the Markov transition probabilities summarized
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by the matrix @ = [g;;], where ¢;; = Prob(s;41 = i|s; = j) for i, j € S. The economy
is buffeted by several sources of shocks. The variance of each shock switches between

a finite number of regimes denoted by s; € §* with the transition matrix Q* = [q};].

I1I.1. The aggregation sector. The aggregation sector produces a composite labor
skill denoted by L; to be used in the production of each type of intermediate goods and a
composite final good denoted by Y; to be consumed by each household. The production
of the composite skill requires a continuum of differentiated labor skills {L¢(%)}icpo,1]
as inputs, and the production of the composite final good requires a continuum of

differentiated intermediate goods {Y;(j)},cp0,1] as inputs. The aggregation technologies

p=[ [ wra) L ov=[ [ e 0

where 1, and p,; determine the elasticity of substitution between the skills and be-

are given by

tween the goods, respectively. Following Smets and Wouters (2007), we assume that

In Hwt = (1 - pw) In Haw + Pw In Huw,t—1 + OwtEwt — ¢w0w,t—1€w,t—1 (2)
and that
I e = (1= pp) Iy + pp I 11 + OprEpt — PpOpt-18ps-1, (3)

where, for j € {w,p}, p; € (—1,1) is the AR(1) coefficient, ¢; is the MA(1) coefficient,
ot = 0;(sy) is the regime-switching standard deviation, and ¢j; is an i.i.d. white noise
process with a zero mean and a unit variance. We interpret s, and g, as the wage
markup and price markup shocks.

The representative firm in the aggregation sector faces perfectly competitive markets
for the composite skill and the composite good. The demand functions for labor skill
1 and for good j resulting from the optimizing behavior in the aggregation sector are

given by

O W()] e [R(G)] Ee
LiG) = | =L L. Y44 = |2 Y, 4

t (Z) |: Wt ty t (.]) Pt ty ( )
where the wage rate W, of the composite skill is related to the wage rates {W3(@) Yieo

_ 1_/1«wt _
of the differentiated skills by W, = [fol Wt(i)l/(l_“wt)dz’] and the price P, of the
composite good is related to the prices {P(j)},cp, of the differentiated goods by

: L p (A gi]
Po= [y Py amoa]
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I1I.2. The intermediate good sector. The production of a type j good requires

labor and capital inputs. The production function is given by
Yi(j) = K{ () [ ZeL] (7)), (5)

where K/ () and L{ (j) are the inputs of capital and the composite skill and the variable

Z denotes a neutral technology shock, which follows the stochastic process
Zi=XNz, Inz=0-p)Inz+p.Inz g+ o0ue, (6)

where p, € (—1,1) measures the persistence, 0.; = 0,(s}) denotes the regime-switching
standard deviation, and &,; is an i.i.d. white noise process with a zero mean and a
unit variance. The parameters «; and as measure the cost shares the capital and
labor inputs. Following Chari, Kehoe, and McGrattan (2000), we introduce some real
rigidity by assuming the existence of some firm-specific factors (such as land), so that
a1+ oy < 1.

Each firm in the intermediate-good sector is a price-taker in the input market and
a monopolistic competitor in the product market where it sets a price for its product,
taking the demand schedule in (4) as given. We follow Calvo (1983) and assume that
pricing decisions are staggered across firms. The probability that a firm cannot adjust
its price is given by &,. Following Woodford (2003), Christiano, Eichenbaum, and
Evans (2005), and Smets and Wouters (2007), we allow a fraction of firms that cannot
re-optimize their pricing decisions to index their prices to the overall price inflation
realized in the past period. Specifically, if the firm j cannot set a new price, its price

is automatically updated according to
P(j) = =2y T P (9), (7)

where m;, = pt/pt_l is the inflation rate between ¢t — 1 and ¢, 7 is the steady-state
inflation rate, and 7, measures the degree of indexation.
A firm that can renew its price contract chooses P;(j) to maximize its expected

discounted dividend flows given by

Ey Z E Dy si[Pi()X 14 Y0 () — Viss (5)] (8)
i=0
where D, ,; is the period-t present value of a dollar in a future state in period ¢ + ¢,
Viyi(j) is the cost function, and the term x7,,; comes from the price-updating rule (7)
and is given by
o = { b T T i > ()
b 1 if i = 0.
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In maximizing its profit, the firm takes as given the demand schedule Y4, (j) =

Hp,t+i
PeiIX? i\ i .. oL
<m> #petily, . The first order condition for the profit-maximizing problem

Pryi
yields the optimal pricing rule

[Mp,t+iq)t+i(j) - Pt(j)Xf,t—i-i} =0, (10)

E ) €Dy V()
t; prbi Hp i — 1

where @,.;(j) = OVi4:(j)/0Y,%,;(j) denotes the marginal cost function. In the absence
of markup shocks, p,; would be a constant and (10) implies that the optimal price is
a markup over an average of the marginal costs for the periods in which the price will
remain effective. Clearly, if £, = 0 for all ¢, that is, if prices are perfectly flexible, then
the optimal price would be a markup over the contemporaneous marginal cost.
Cost-minimizing implies that the marginal cost function is given by

. e (WA wras 1
@to):[a(m)l(j) } Yi(j)mia, (11)

—ao

where & = a7 “a;** and ry; denotes the real rental rate of capital input. The condi-

tional factor demand functions imply that

Wt _* th(J)
Pry o1 LI(j)

, Vjel[o,1]. (12)

ITI.3. Households. There is a continuum of households, each endowed with a differen-
tiated labor skill indexed by h € [0,1]. Household h derives utility from consumption
and leisure. We assume that there exists financial instruments that provide perfect
insurance for the households in different wage-setting cohorts, so that the households
make identical consumption and investment decisions despite that their wage incomes
may differ due to staggered wage setting.! In what follows, we impose this assumption
and omit the household index for consumption and investment.

The utility function for household h € [0, 1] is given by

- t v 1
E;ﬁ At {hl(C't - th—l) - mLt(h) —H?} y (13)

ITo obtain complete risk-sharing among households in different wage-setting cohorts does not rely
on the existence of such (implicit) financial arrangements. As shown by Huang, Liu, and Phaneuf
(2004), the same equilibrium dynamics can be obtained in a model with a representative household
(and thus complete insurance) consisting of a large number of worker members. The workers supply
their homogenous labor skill to a large number of employment agencies, who transform the homogenous

skill into differentiated skills and set nominal wages in a staggered fashion.
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where 5 € (0,1) is a subjective discount factor, C; denotes consumption, L;(h) denotes
hours worked, 1 > 0 is the inverse Frish elasticity of labor hours, and b measures the
importance of habit formation. The variable A; denotes a preference shock, which

follows the stationary process
mA; =1 —=p)InA+p,In Ay + opica, (14)

where p, € (—1,1) is the persistence parameter, o, = 0,(s;) is the regime-switching
standard deviation, and €, is an i.i.d. white noise process with a zero mean and a unit
variance.

In each period t, the household faces the budget constraint

_ P,
PCy + at[ft + a(ug) K1) + EeDy y11Biyy <
t
Wt(h,)Lf(h) + PtTktUth_l + Ht + Bt + ﬂ (15)

In the budget constraint, [, denotes investment, B,,; is a nominal state-contingent
bond that represents a claim to one dollar in a particular event in period ¢ + 1, and
this claim costs Dy ;41 dollars in period ¢; Wi(h) is the nominal wage for h’s labor skill,
K, is the beginning-of-period capital stock, u; is the utilization rate of capital, II,
is the profit share, and T; is a lump-sum transfer from the government. The function
a(u;) captures the cost of variable capital utilization. Following Altig, Christiano,
Eichenbaum, and Linde (2004) and Christiano, Eichenbaum, and Evans (2005), we
assume that a(u) is increasing and convex. The term @; denotes the investment-
specific technological change. Following Greenwood, Hercowitz, and Krusell (1997),
we assume that (); contains a deterministic trend and a stochastic component. In

particular,
Qe = Moy, (16)
where )\, is the growth rate of the investment-specific technological change and ¢, is an

investment-specific technology shock, which follows a stationary process given by

Ing = (1—pg)Ing+pgIng1 + oucy, (17)
where p, € (—1,1) is the persistence parameter, o, = 0,(s;) is the regime-switching
standard deviation, and €4 is an i.i.d. white noise process with a zero mean and
a unit variance. The importance of investment-specific technological change is also

documented in Fisher (2006) and Fernandez-Villaverde and Rubio-Ramirez (2007).

The capital stock evolves according to the law of motion

Ky = (1= 6)K,_1 + [1 — S(I,/T,_1)] L, (18)
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where the function S(-) represents the adjustment cost in capital accumulation. We as-
1

sume that S(-) is convex and satisfies S(AA.) = S (A ") = 0, where A* = (A1 Ag?) -1

is the steady-state growth rate of output and consumption. The term J, denotes the

depreciation rate of the capital stock and follows the stationary stochastic process
Ino; = (1 —pg)Ind+ pgIndy_1 + ogea, (19)

where p, € (—1,1) is the persistence parameter, o4 = 04(s;) is the regime-switching
standard deviaiton, and ¢4 is the white noise innovation with a zero mean and a
unit variance. We introduce this time variation in the depreciation rate to capture
the difference between economic depreciation (reflecting in part an unobserved quality
improvement in equipment) and physical depreciation.

The household takes prices and all wages but its own as given and chooses Cy, I;, Ky,
ut, Bi1, and Wi(h) to maximize (13) subject to (15) - (18), the borrowing constraint
By.1 > —B for some large positive number B, and the labor demand schedule L¢(h)
described in (4).

The wage-setting decisions are staggered across households. In each period, a fraction
&, of households cannot re-optimize their wage decisions and, among those who cannot
re-optimize, a fraction 7, of them index their nominal wages to the price inflation
realized in the past period. In particular, if the household h cannot set a new nominal

wage, its wage is automatically updated according to

Wih) = w7 Ny Wi (R), (20)

* —1 .
where \; |, = /\f—t, with Af = (Q{" Z;?)™=1 denoting the trend growth rate of aggre-
’ t—1

gate output (and the real wage). If a household h € [0, 1] can re-optimize its nominal

wage-setting decision, it chooses W (h) to maximize the utility subject to the bud-
get constraint (15) and the labor demand schedule in (4). The optimal wage-setting

decision implies that

= 1
Ey Z & Dipri LYy (h) —————[ptw i M RSpii(h) — Wi(h)xi ] = 0, (21)
=0

How,ti — 1

where M RS;(h) denotes the marginal rate of substitution between leisure and income

for household h and xy’,,; is defined as

R ifi=0. (22)
where A}, ., = /\fifi. In the absence of wage-markup shocks, p,; would be a constant
’ t

and (21) implies that the optimal wage is a constant markup over a weighted average
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of the marginal rate of substitution for the periods in which the nominal wage remains
effective. If &, = 0, then the nominal wage adjustments are flexible and (21) implies
that the nominal wage is a markup over the contemporaneous marginal rate of sub-
stitution. We derive the rest of the household’s optimizing conditions in a technical

appendix available upon request.

[I1.4. The government and monetary policy. The government follows a Ricardian
fiscal policy, with its spending financed by lump-sum taxes so that P,G; = T}, where

G, denotes the government spending in final consumption units. Denote by G, = %
t

the detrended government spending, where
A= (Z02Q5) e (23)
We assume that G, follows the stationary stochastic process
InG, = (1—py) InG + pgIn G+ Ogt€gt + Pg2021E 21, (24)

where we follow Smets and Wouters (2007) and assume that the government spending
shock responds to productivity shocks.
Monetary policy is described by a feedback interest rate rule that allows the possi-

bility of regime switching in the inflation target. The interest rate rule is given by

Fa) G

where R, = [E;D;;11]7" denotes the nominal interest rate and 7*(s;) denotes the

1—pr

Rt — K}Rfil ea'rt€rt’ (25)

regime-dependent inflation target. The constant terms x, p,, ¢, and ¢, are policy
parameters. The term ¢,; denotes the monetary policy shock, which follows an i.i.d.
normal process with a zero mean and a unit variance. The term o,, = 0,(s}) is the
regime-switching standard deviation of the monetary policy shock. We assume that

the 8 shocks ey, €pt, €2t Eqty €dty Eat, Ere, and €4 are mutually independent.

II1.5. Market clearing and equilibrium. In equilibrium, markets for bond, com-
posite labor, capital stock, and composite goods all clear. Bond market clearing implies
that B; = 0 for all . Labor market clearing implies that fol L{(j)dj = L,. Capital
market clearing implies that fol K!(j)dj = u.K,_1. Composite goods market clearing
implies that

Ct + —[It + (I(Ut)Kt_l] + Gt = }/;5, (26)

1
Q:
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where aggregate output is related to aggregate primary factors through the aggregate

production function

Gpt}/;f = (Uth—l)al(ZtLt)aza (27)

Hpt 1
with G, = fol <PtT(tj)>_Wplm dj measuring the price dispersion.

Given fiscal and monetary policy, an equilibrium in this economy consists of prices
and allocations such that (i) taking prices and all nominal wages but its own as given,
each household’s allocation and nominal wage solve its utility maximization problem;
(ii) taking wages and all prices but its own as given, each firm’s allocation and price
solve its profit maximization problem; (iii) markets clear for bond, composite labor,

capital stock, and final goods.

IV. EQUILIBRIUM DYNAMICS

IV.1. Stationary equilibrium and the deterministic steady state. We focus on
a stationary equilibrium with balanced growth. On a balanced growth path, output,
consumption, investment, capital stock, and the real wage all grow at constant rates,
while hours remain constant. Further, in the presence of investment-specific techno-
logical change, investment and capital grow at a faster rate. To induce stationarity, we

transform variables so that

- Y~ G Wy - Iy - K,
Y = 7 C = > Wy = =, = e K = -,
t )\: t )\: t Pt)\: t Qt)\zk t Qt)\zk
where A} is the underlying trend for output, consumption, and the real wage given by

(23).

Along the balanced growth path, as noted by Greenwood, Hercowitz, and Krusell
(1997), the real rental price of capital keeps falling since the capital-output ratio keeps
rising. The rate at which the rental price is falling is given by A,. Thus, the transformed
variable 7y, = 7y, that is, the rental price in consumption unit, is stationary. Further,
the marginal utility of consumption is declining, so we define (7015 = UxA; to induce
stationarity.

The steady state in the model is the stationary equilibrium in which all shocks are
shut off, including the “regime shocks” to the inflation target. To derive the steady
state, we represent the finite Markov switching process with a vector AR(1) process

(Hamilton, 1994). Specifically, the inflation target can be written as

" (s) = [77(1), 77 (2)]es,, (28)
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where 7*(j) is the inflation target in regime j € {1,2} and
1{s; = 1}
Co ™ ll{st — 2
with 1{s; = j} = 1 if s, = j and 0 otherwise. As shown in Hamilton (1994), the

random vector e, follows an AR(1) process:

, (29)

es, = Qes, | + vy, (30)

where () is the transition matrix of the Markov switching process and the innovation
vector has the property that E, v, = 0. In the steady state, v; = 0 so that (30)
defines the ergodic probabilities for the Markov process and, from (28), the steady-
state inflation 7 is the ergodic mean of the inflation target. Given m, the derivations

for the rest of the steady-state equilibrium conditions are straightforward.

IV.2. Linearized equilibrium dynamics. To solve for the equilibrium dynamics,
we log-linearize the equilibrium conditions around the deterministic steady state. We
use a hatted variable z; to denote the log-deviations of the stationary variable X; from
its steady-state value (i.e., ; = In(X;/X)).

Linearizing the optimal pricing decision rule implies that?

R . K R . . A
Tt — VYpTt—1 = 1 _'_Z;_éep (,upt + mct) + GE; [7Tt+1 — fypwt]’ (31)
where Hp = %7 Kp = (1_55271(1_@’ a= 1;‘11_1’_;:2’ and
L : [Tkt + Qo] + @ (32)
mey = ———— |’ QW) .
t o + o 1Tkt 2Wt Yt

This is the standard price Phillips-curve relation generalized to allow for partial dy-
namic indexation. In the special case without indexation (i.e., 7, = 0), this relation
reduces to the standard forward-looking Phillips curve relation, under which the price
inflation depends on the current-period real marginal cost and the expected future in-
flation. In the presence of dynamic indexation, the price inflation also depends on its
own lag.

Linearizing the optimal wage-setting decision rule implies that

K

Wy —Wy—1 +Tp — Yo T—1 = ﬁ (flwt +mir sy — ) + BB [Wy41 — W 4Ty — Y], (33)

where w; denotes the log-deviations of the real wage, mirs, = nZt — Uct denotes the

marginal rate of substitution between leisure and consumption, 6, = M“’ﬁl, and Kk, =
w

2Derivations of the linearized equilibrium conditions are available upon request.
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(1-B8w)(1—&w)

w

rewrite this relation in terms of the nominal wage inflation:

is a constant. To help understand the economics of this equation, we

~w A Rw N A A Aw N
Te = Ywl-1 = 7 ) (flwt + mirsy — ) + BE(Thy — YuTt)
1 . . . .
+1 o [ (A2, — BEAZ 1) + ao(AG — PEAG41)]. (34)
-

where 7’ = W, — w1 + T + AS\;{ denotes the nominal wage inflation. This nominal-
wage Phillips curve relation parallels that of the price-Phillips curve and has similar
interpretations.

The rest of the linearized equilibrium conditions are summarized below:

Qe = S”O‘I)A? {Ait - ﬁEtA%t—i-l

+ 7 _lal [ag (A% — BEAZ ) + Ay — 5EtAqt+1]} : (35)

e = Ey {Adt—i-l + AUc,tH 1 —1a1 (o AZi 11 4+ Adeg]
+ )\ﬁ[ [(1 — 8)dh 41 — 0041 + fkfk,tﬂ] } : (36)
Tkt = Oyl (37)
0 = E [Adm + A1 — 5 _1a1 (2 A1 + a1 AGesa] + Ry — frtH] . (38)

. 1-65T-
ke = [k‘t_l—

) . 0 4 1—0)\x
>\I (OZQAZt + Aqt):| — >\—15t + (1 — b\ ) 1, (39)

1—041

I
G = eyl + iyly + uyly + gydr, (40)
. - . 1 . . ;
Y = |:kt—1 + Uy — — 4 (a2AZ + A%)} + anly, (41)
— o
Wy = Th+ ]%t—l + Uy — a (A% + Ag) — Zt’ (42)
—

where (35) is the linearized investment decision equation with gi; denoting the shadow
value of existing capital (i.e., Tobin’s Q) and the A denoting the first-difference operator
(so that Azy = x; — x4-1); (36) is the linearized capital Euler equation; (37) is the

linearized capacity utilization decision equation with o, = ‘;l,l((ll)) denoting the curvature

the function a(u) evaluated at the steady state; (38) is the linearized bond Euler

equation; (39) is the linearized law of motion for the capital stock; (40) is the linearize

: I
77’y 77

<10

aggregate resource constraint, with the steady-state ratios given by ¢, =
K
YA’
is the linearized factor demand relation.

Uy = and g, = g, (41) is the linearized aggregate production function; and (42)
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Finally, the linearized interest rate rule is given by

ét = pT’Rt—l + (1 - Pr) [@r(ﬁt -7 (St)) + be?jt] + OriErts (43)

where the term 7*(s;) = log 7*(s;) — log 7 denotes the deviations of the inflation target

from its ergodic mean.

V. ESTIMATION APPROACH

We estimate the parameters in our model using the Bayesian method. We describe a
general empirical strategy so that the method can be applied to other regimes-switching
DSGE models. As shown in the appendices, our model contains twenty seven variables.
Adding the five lagged variables §;_1,¢;_1, Et_l, wy_1, and ¢;_1 to the list gives a total
of thirty three variables. We denote all these state variables by the vector f; where f;
is so arranged that the first eight variables are ¥, ¢, i, Wy, Gy, 7y, @t, and R, and the last
five variables are 7;_1,¢;_1, %t_l, Wy_1, and G;_1.

We apply the relation (28) to the policy rule (43), where the vector ey, defined in (29)
follows a vector AR(1) process described in (30). Expanding the log-linearized system
with the additional variables represented by e;, maintains the log-linear form in which
all coefficients are constant (i.e., independent of regime changes). A standard solution
technique, such as the method proposed by Sims (2002), can be directly utilized to
solve our DSGE model. The solution leads to the following VAR(1) form of state

equations
fre=c(st, s121) + Ffior + C(s7)er, (44)

where €, = [€:4, €pt, €wt, €gt, €t €at, Edts €qt), and c(s;) is a vector function of the in-
flation targets 7*(s;) and 7*(s;_1) and the elements in the transition matrix Q, and
C(s;) is a matrix function of o,.(sy), opt(s)), Owt(sy), 0ge(S5), T24(57), Tar(s), oa(sy),
and o4 (s;).

It follows from (44) that the solution to our DSGE model depends on the composite
regime (s¢, S¢-1,5;). If sf is assumed to be the same as (s, s¢—1) (see Schortheide
(2005)), then the composite regime collapses to s;. To simplify our notation and keep
analytical expressions tractable, we use s; to represent a composite regime that includes
(s, 801, ;) as a special case for the rest of this section.

Our estimation is based on the 1959:1-2007:1V quarterly time-series observations on

8 U.S. aggregate variables:® real per capita GDP (Y,P#?)  real per capita consumption

3We did not include the sample after 2007 because it is beyond the scope of this paper to address

the current financial crisis and the effect of monetary policy at the lower zero bound.
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(CP#2) | real per capita investment (IP?*) real wage (wP®?), the investment-specific

technology (i.e., the biased technology @;), the quarterly GDP-deflator inflation rate
(wP22) per capita hours (LP*?), and the (annualized) federal funds rate (FFRP*®).
Note that 1% corresponds to & in the model (i.e., investment measured in units of
consumption goods); a detailed description of the data is in Appendix A. These data

are represented by the following vector of observable variables:

FFRData
Y = [A InY,P#2 Aln CP%2 Aln IP%2 Alnwp?? In P22 Aln QPa%@, In LP#2, —

The observable vector is connected to the model (state) variables through the mea-
surement equations

Yy =a+ Hf,

where

a:[mAMmAMmAMmAmeJnMJnLhMﬂC (45)
Given the aforementioned regime-switching state space form, one can estimate the
model following the general estimation methodology of Sims, Waggoner, and Zha

(2008).*

V.1. Three methods for computing marginal data densities. To evaluate the
model’s fit to the data and compare it to the fit of other models, one wishes to compute
the marginal data density implied by the model. To keep the notation simple, let ¢
represent a vector of all model parameters except the transition matrix and @ be a
collection of all free parameters in the transition matrix. The marginal data density is
defined as

o) = [ p(¥r |0, Q)p(6) a0, (46)
where the likelihood function p(Yr | 6,Q) can be evaluated recursively. For many
empirical models, the modified harmonic mean (MHM) method of Gelfand and Dey
(1994) is a widely used method to compute the marginal data density. The MHM
method used to approximate (46) numerically is based on a theorem that states

4 h(0, Q)
W = [ T 0w
where O is the support of the posterior probability density and h(6, Q), often called a

p(0,Q | Yr)dodQ, (47)

weighting function, is any probability density whose support is contained in ©. Denote

6.
0 Q) = N0, Q. Q)

4The method details are also provided in an independent technical appendix to this article, which

is available on http://home.earthlink.net/ tzhaOl/workingPapers/wp.html.
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A numerical evaluation of the integral on the right hand side of (47) can be accom-

plished in principle through the Monte Carlo (MC) integration

Zm 1,QY), (48)

where (0@, QW) is the i*" draw of (0, Q) from the posterior distribution p(0, Q | Yr).
If m(0,Q) is bounded above, the rate of convergence from this MC approximation is
likely to be practical.

Geweke (1999) proposes a Gaussian function for i(-) constructed from the posterior
simulator. The likelihood and posterior density functions for our medium-scale DSGE
model turn out to be quite non-Gaussian and there exist zeros of the posterior pdfin the
interior points of the parameter space. In this case, the standard MHM procedure tends
to be unreliable as the MCMC draws are likely to be dominated by a few draws as the
number of draws increase. Sims, Waggoner, and Zha (2008) proposes a truncated non-
Gaussian weighting function for A(-) to remedy the problem. This weighting function
seems to work well for the non-Gaussian posterior density.

In addition to the method of Sims, Waggoner, and Zha (2008), we use the unpub-
lished method developed by Ulrich Miieller at Princeton University. To summarize
Miieller’s method for computing the marginal data density, we introduce the follow-
ing notation. Let € be an n x 1 vector of random variables, p(f) be the target pdf,
whose probability density is of unknown form, and p*(6) be the target kernel where
p(6) = ¢*p*(0). Thus, our objective is to obtain an accurate estimate of the positive
constant ¢*. Let h(f) be an approximate or weighting pdf and ¢ be a positive real

number. Define the function f(c) as follows:

flc) = Ey [1 {%g) < 1} (1 _ szg))} _
a [ e < 0-am)]

One can show that this function has the following properties:

e f(c) is monotonically decreasing in ¢;
e f(0)=1and f(oc0) =—1.
Given these properties, one can use a bisection method to find an estimate of ¢* where
fler) =0.
A third method we use is bridge sampling of Meng and Wong (1996). The bridge-

sampling method has been often regarded as one of the most reliable methods for
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computing the Bayes factor. Since these three methods are developed from different
mathematical relationships, we recommend using all these methods to ensure that the
estimated value of the marginal data density is numerically similar across methods.

Because the posterior density function is very non-Gaussian and complicated in
shape, it is all the more important to find the posterior mode via an optimization
routine. The estimate of the mode not only represents the most likely value (and
thus the posterior estimate) but also serves as a crucial starting point for initializing
different chains of MCMC draws.

For various DSGE models studied in this paper, finding the mode has proven to
be a computationally challenging task. The optimization method we use combines
the block-wise BFGS algorithm developed by Sims, Waggoner, and Zha (2008) and
various constrained optimization routines contained in the commercial IMSL package.
The block-wise BFGS algorithm, following the idea of Gibbs sampling and EM algo-
rithm, breaks the set of model parameters into subsets and uses Christopher A. Sims’s
csm nwel program to maximize the likelihood of one set of the model’s parameters
conditional on the other sets.” Maximization is iterated at each subset until it con-
verges. Then the optimization iterates between the block-wise BFGS algorithm and
the IMSL routines until it converges. The convergence criterion is the square root of
machine epsilon.

Thus far we have described the optimization process for only one starting point.°
Our experience is that without such a thorough search, one can be easily misled to a
much lower posterior value (e.g., a few hundreds lower in log value than the posterior
peak). We thus use a set of cluster computing tools described in Ramachandran,
Urazov, Waggoner, and Zha (2007) to search for the posterior mode. We begin with a
grid of 100 starting points; after convergence, we perturb each maximum point in both
small and large steps to generate additional 20 new starting points and restart the
optimization process again; the posterior estimates attain the highest posterior density
value. The other converged points typically have much lower likelihood values by at
least a magnitude of hundreds of log values. For each DSGE model, the peak value of

the posterior kernel and the mode estimates are reported.

’The csmi nwel program can be found on http://si ns. princeton. edu/ yftp/ optim ze/ .
6For the no-switching (constant-parameter) DSGE model, it takes a couple of hours to find the

posterior peak. While the model with two-regime shock variances takes about 20 hours to converge,
the model with two-regime inflation targets and two-regime two-regime shock variances takes four

times longer.
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V.2. Priors. We set three parameters a priori. We set the steady-state government
spending to output ratio at g, = 0.18. We follow Justiniano and Primiceri (2006)
and fix the persistence of the government spending shock process at p, = 0.99. As
noted by Smets and Wouters (2007), all these government parameter are difficult to
estimate unless government spending is included in the set of measurement equations.
Finally, we normalize and fix the steady-state hours worked at L = 0.2. We estimate
all the remaining parameters. Tables 3 and 4 summarize the prior distributions for the
structural parameters and the shock parameters.

Our priors are chosen to be more flexible and less tight than those in the previous
literature. Specifically, instead of specifying the mean and the standard deviation, we
use the 90% probability interval to back out the hyperparameter values of the prior
distribution.” The intervals are generally set wide enough to allow the possibility of
multiple posterior peaks (Del Negro and Schorfheide, 2008). Our approach is also nec-
essary to deal with skewed distributions and allow for some reasonable hyperparameter
values in certain distributions (such as the Inverse-Gamma) where the first two mo-
ments may not exist. The probability intervals reported in Table 3 cover the calibrated
value of each parameter.

We begin with the preference parameters b, n, and 5. Our prior for the habit-
persistence parameter b follows the Beta distribution. We choose the 2 hyper-parameters
of the Beta distribution such that the lower bound for b (0.05) has a cumulative prob-
ability of 5% and the upper bound (0.948) has a cumulative probability of 95%. This
90% probability interval for b covers the values used by most economists (for exam-
ple, Boldrin, Christiano, and Fisher (2001) and Christiano, Eichenbaum, and Evans
(2005)). Our prior for the inverse Frisch elasticity 7 follows the Gamma distribution.
We choose the 2 hyper-parameters of the Gamma distribution such that the lower
bound (0.2) and the upper bound (10.0) of 1 correspond to the 90% probability in-
terval. This prior range for n implies that the Frisch elasticity lies between 0.1 and
5, a range broad enough to cover the values based on both microeconomic evidence
(Pencavel, 1986) and macroeconomic studies (Rupert, Rogerson, and Wright, 2000).
Our prior for the transformed subjective discount factor x5 = 100(% — 1) follows the
Gamma, distribution, with the hyper-parameters appropriately chosen such that the
bounds for the 90% probability interval of ys are 0.2 and 4.0. The implied value of
lies in the range between 0.9615 and 0.998, which nests the values obtained by Smets

"The program for backing out the hyperparameter values of a given prior can be found in
http://home.earthlink.net/ tzha02/ProgramCode/programCode.html.
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and Wouters (2007) (5 = 0.9975) and Altig, Christiano, Eichenbaum, and Linde (2004)
(8 =0.9926).

Next, we discuss the prior distributions for the technology parameters oy, aa, Ay, As,
ou, S”, and 0. Our priors for the labor share and capital share both follow the Beta
distribution with the restriction oy +as < 1 so that the production technology requires
firm-specific factors (Chari, Kehoe, and McGrattan, 2000). Specifically, the bounds for
the «; values in the 90% probability interval are 0.15 and 0.35 and those for ay are
0.35 and 0.75. With the restriction a; + as < 1, however, the joint 90% probability
region would be somewhat different. We assume that the priors for the (transformed)
trend growth rates of the investment-specific technology and the neutral technology
both follow the Gamma distribution, with the 5% and 95% bounds given by 0.1 and
1.5 respectively. These values imply that, with 90% probability, the prior values for the
trend growth rates A, and A, lie in the range between 1.001 and 1.015 (corresponding
to annual rates of 0.4% and 6%, respectively). We assume that the priors for the
capacity utilization parameter o, and the investment adjustment cost parameter S”
both follow the Gamma distribution, with the lower bounds given by 0.5 and 0.1 and
the upper bounds given by 3.0 and 5.0, respectively. These 90% probability ranges
cover the values obtained, for example, by Christiano, Eichenbaum, and Evans (2005)
and Smets and Wouters (2007). We assume that the prior for the average annualized
depreciation rate follows the Beta distribution with the 90% probability range lying
between 0.05 and 0.20.

Third, we discuss the prior distributions for the parameters that characterize price
and nominal wage setting in the model. These include the average price markup p,,
the average wage markup f,, the Calvo probabilities of non-adjustment in pricing &,
and in wage-setting ,, and the indexation parameters v, and ,. The priors for the
net markups p, — 1 and p,, — 1 both follow the Gamma distribution with the 90%
probability range covering the values between 0.01 and 0.5. This range covers most of
the calibrated values of the markup parameters used in the literature (e.g., Basu and
Fernald (2002), Rotemberg and Woodford (1997), Huang and Liu (2002)). The priors
for the price and wage duration parameters &, and §,, both follow the Beta distribution
with the 90% probability range between 0.1 and 0.75. Under this prior distribution,
the nominal contract durations vary, with 90% probability, between 1.1 quarters and 4
quarters. This range covers the values of the frequencies of price and wage adjustments
used in the literature (e.g., Bils and Klenow (2004), Taylor (1999)). The priors for the

indexation parameters 7, and 7, both follow the uniform distribution with the 90%
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probability range lying between 0.05 and 0.95. In this sense, we have loose priors on
these indexation parameters, the range of which covers those used in most studies (e.g.,
Christiano, Eichenbaum, and Evans (2005), Smets and Wouters (2007), and Woodford
(2003)).

Finally, we discuss the coefficients in the monetary policy rule, including p,, ¢, and
¢y. The prior for the interest-rate smoothing parameter p, follows the Beta distribution
with the 90% probability range between 0.05 and 0.948. The prior for the inflation
coefficient ¢, follows the Gamma distribution with the 90% probability range between
0.5 and 5.0. The prior for the output coefficient ¢, follows the Gamma distribution
with the 90% probability range between 0.05 and 3.0. This range includes the values
obtained by Clarida, Gali, and Gertler (2000) and others. These prior values allow
for an indeterminacy region. When the equilibrium is indeterminate, we follow Boivin
and Giannoni (2006) and use the MSV solution. In our estimation, however, there is
practically little probability for the parameters to be in the indeterminate region.

Our priors for the AR(1) coefficients for the neutral and biased technology shocks
pq and p, are uniformly distributed in the [0, 1] interval. The AR(1) coefficients for all
other shocks and the MA(1) coefficients for the price and wage markup shocks follow
the Beta distribution with the 5%-95% probability range given by [0.05,0.948]. The
prior for the parameter p,. follows the Gamma distribution with the 90% probability
range given by [0.2,3.0]. The standard deviations of each of the 8 shocks follow the
Inverse Gamma distribution with the 90% probability range given by [0.0005, 1.0]. This
probability range implies a more agnostic prior than Smets and Wouters (2007) and
Justiniano and Primiceri (2006). Such an agnostic prior is needed to allow for possible
large changes in shock variances across regimes, as found in Sims and Zha (2006).

We have experimented with different priors. In one alternative prior, we follow the
literature and make a prior on the persistence parameters in shock processes much
tighter towards zero, such as the Beta(1,2) probability density. Our conclusions hold

true for these priors as well.

VI. EMPIRICAL RESULTS

In this section, we report our main empirical findings. We compare in Section VI.1
the empirical fit of a variety of models nested by our general regime-switching DSGE
framework. We then report in Section VI.2 the estimation results in our best-fit model

and highlight the difference of these estimates from some alternative models.
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VI.1. Model Fit. The first set of results to discuss is measures of model fit, with
the comparison based on maximum log posterior densities adjusted by the Schwarz
criterion.® Table 1 reports Schwarz criteria for different versions of our DSGE model
(the column “Baseline”) and for models with the restriction that all the persistence
parameters in both price markup and wage markup processes are set to zero (the
column “Restricted”).

Table 1 shows that the model with regime shifts in shock variances only (DSGE-2v)
is the best-fit model, much better than the constant-parameter DSGE model (DSGE-
con). The Schwarz criterion for the baseline DSGE-2v model is 5963.03, compared
to 5859.71 for the DSGE-con model. When we allow the inflation target to switch
regimes while holding the shock variances constant (DSGE-2c¢), the model’s fit does
not improve upon the constant-parameter DSGE model. When we allow both the
inflation target and shock variances to switch regimes with the same Markov process
(i.e., regime switching is synchronized), the model (DSGE-2cv) does better than the
one with regime switching in the inflation target alone, but it does not improve upon
the baseline DSGE-2v model with regime shifts in the shock variances only. When
we relax the assumption that switches in the shock regime and those in the inflation
target regime are synchronized and compute the Schwarz criterion for the model with
the target regime and the shock regime independent of each other (DSGE-2¢2v), we
find that the model’s fit does not improve relative to either the DSGE-2¢v model with
synchronized regime shifts in the inflation target and the shock variances or the baseline
DSGE-2v model with synchronized regime shifts in shock variances only. We have also
examined the possibility of 3 shock regimes instead of 2. We find that the 3-regime
model (DSGE-3v) does not improve upon the baseline 2-regime model (DSGE-2v).

We have also estimated models with shock variances following independent Markov
switching processes. This scenario approximates stochastic volatility models, where
each shock variance has its own independent stochastic process (Tauchen, 1986; Sims,
Waggoner, and Zha, 2008). In addition, we have grouped a subset of shock variances
having the same Markov processes. None of these models fits to the data better than
our baseline DSGE-2v model. For example, when we allow regimes associated with
the variances of the two technology shocks to be independent of the regime switching
processes of the other shock variances (DSGE-2v2v), we obtain a Schwarz criterion of
5958.18, which is lower than that of the baseline DSGE-2v model (5963.03). In short,

8The Schwarz criterion is similar to the Laplace approximation used by Smets and Wouters (2007).
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the data favor the parsimoniously-parameterized model with shock variances switching
regimes simultaneously.

The last column in Table 1 shows that the model with regime changes in shock vari-
ances only continues to dominate all the other models, when the persistence parameters
in both price and wage markup shock processes are restricted to zero. In particular,
the model with the target switching regimes (DSGE-2¢) does not improve upon the
constant-parameter model. Of course, all these restricted models fit to the data much
worse than the corresponding baseline models, implying that persistent shock processes
are important in fitting the data.

Finally, we have estimated a number of models with persistence parameters in other
shock processes set to zero and with habit and indexation parameters set to zero.
The model with synchronized regimes in shock variances continue to outperform other
models in fitting the data.

The relative performance of the alternative DSGE models in fitting the data does not
change when we look at the marginal data density (MDD). Table 2 reports the MDD
for each of the alternative models. The table shows that the model with simultaneous
regime shifts in shock variances (DSGE-2v) is the best-fit model not only in terms
of the Schwarz criterion, but also in terms of the marginal data density. In particu-
lar, the DSGE-2v model’s MDD is 5832.38, much higher than that of the DSGE-con
model (whose MDD is 5741.24). The model with regime switching in the inflation
target alone (DSGE-2c) slightly outperforms the constant parameter model, but sub-
stantially under-performs the DSGE-2v model. With regime shifts in shock variances,
introducing regime shifts in the inflation target synchronized with regime shifts in
shock variances (DSGE-2cv) or allowing the inflation target to follow a Markov switch-
ing process independent of shock regimes (DSGE-2¢2v) does not improve the marginal
data density relative to the DSGE-2v model.’

VI.2. Estimates of Structural Parameters. We first discuss our best-fit model
“DSGE-2v.” The model is similar to that in Smets and Wouters (2007) with six notable
exceptions. First, we introduce a source of real rigidity in the form of firm-specific
factors, which replaces the kinked demand curves considered by Smets and Wouters
(2007). Second, we introduce trend growth in the investment-specific technological

change to better capture the data, in which the relative price of investment goods

9The good fit represented by DSGE-2cv comes entirely from significant shifts in shock variances.
The estimated inflation targets are 2.18% for one regime and 1.70% for the other regime and the

difference between these two targets are statistically insignificant.
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(e.g., equipment and software) has been declining for most of the postwar period,
while in Smets and Wouters (2007) the investment-specific technological changes have
no trend component. We use the observed time series of biased technological changes
in our estimation, while Smets and Wouters (2007) treat these changes as a latent
variable. Third, we introduce the depreciation shock that acts as a wedge in the
capital-accumulation Euler equation. Fourth, the preference shock in our model enters
all intertemporal decisions, including choices of the nominal bond, the capital stock,
and investment, while Smets and Wouters (2007) introduce a “risk-premium shock” that
enters the bond Euler equation only and does not affect other intertemporal decisions.
Fifth, in the interest rate rule, we assume that the nominal interest rate responds
to deviations of inflation from its target and detrended output, while in Smets and
Wouters (2007) the interest rate rule targets inflation, output gap, and the growth rate
of output gap. Finally, we allow for heteroscadasticity of structural shocks to obtain
the accurate estimate of the role of a particular shock in explaining macroeconomic
fluctuations. All these distinctions may explain some of the differences between our
estimated results and theirs.

Tables 3 and 4 report the estimates of the model parameters. The data are informa-
tive about many structural parameters. Among the three preference parameters, the
estimate for habit persistence (b) is 0.91 with the tight error bands. The estimate for
7 is 2.89, implying a Frisch elasticity of 0.35 and consistent with most microeconomic
studies. The probability interval indicates that 1 can be as high as 8.38. The estimate
for the subjective discount factor § is 0.998 (the same as the value obtained by Smets
and Wouters (2007)) with the tight probability interval [0.996, 0.999].

Among the technology parameters, the estimate for a; (0.153) with the upper er-
ror band (0.216) close to the estimate obtained by Smets and Wouters (2007) (0.19).
Because of the constraint a; +ay < 1, the estimate for oy is (0.835). These posterior es-
timates suggest that the data prefer a model specification with (near) constant-returns
production technology. The estimated trend growth rate for the investment-specific
technological change (A,) is 4% per annum, slightly higher than the calibrated value
obtained by Greenwood, Hercowitz, and Krusell (1997) because we include the data
in the late 1990s until 2007 when the investment-specific technological improvement
was the fastest in the sample. The estimate for the trend growth rate of the neutral
technological change (\,) is 0.95% per annum. There is a large amount of uncertainty
about these trend estimates as shown in the last two columns of Table 3. The cur-

vature parameter in the utilization function (o,) is estimated at 2.26, substantially
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lower than the value obtained by Justiniano and Primiceri (2006) (7.13), but higher
than the values estimated by Altig, Christiano, Eichenbaum, and Linde (2004) (2.02)
and by Smets and Wouters (2007) (1.174). The error bands show a large amount of
uncertainty around the estimate of this parameter. The investment adjustment cost
parameter (S”) is estimated to be 2.0, lower than those obtained in the literature.
Unlike most studies in the literature that fix the value of the capital depreciation rate
a priori, we allow the depreciation rate o to follow a stationary stochastic process and
estimate the parameter in the process. The estimated average annum depreciation rate
is 13.4%, which is remarkably close to the standard calibration value in the real busi-
ness cycle literature, but the error bands are very wide, implying the great uncertainty
about this estimate.

Among the pricing and wage setting parameters, the estimated average price markup
(p) is about 1.0, which is consistent with the studies by Hall (1988), Basu and Fernald
(1997), and Rotemberg and Woodford (1999), who argue that the pure economic profit
is close to zero. It is also similar to the estimate obtained by Altig, Christiano, Eichen-
baum, and Linde (2004), but much smaller than the value estimated by Justiniano and
Primiceri (2006). Our estimate for the average wage markup (p,,) is 1.06, which is lower
than the calibrated value (Huang and Liu, 2002) and the estimated value (Justiniano
and Primiceri, 2006), but is similar to the value used by Christiano, Eichenbaum, and
Evans (2005). The uncertainty about the wage markup parameter, judged by the .90
probability bands, is much larger than that about the price markup parameter. The
estimated price and wage stickiness parameters (£, = 0.412 and §,, = 0.213) imply that,
on average, price contracts last for less than 2 quarters and nominal wage contracts
have an even shorter duration, which is slightly more than 1 quarter. Our estimated
nominal contract duration is consistent with the microeconomic studies such as Bils
and Klenow (2004). The estimated dynamic indexation is unimportant for price set-
ting (7, = 0.178) but very important for nominal wage setting (v, = 1.0). The .90
probability intervals indicate that while the price indexation is tightly estimated, the
uncertainty about the nominal wage indexation is extremely large.

As shown in Tables 3, the estimated wage stickiness parameter lies below the lower
bound of the .90 probability interval. This phenomenon occurs because the posterior
distribution around the mode for this parameter is on the thin ridge and because there
are many local peaks that give a significant probability to regions containing the values
above the estimated wage stickiness parameter. While it is impossible to graph this

phenomenon in a high dimensional parameter space like ours, we display in Figure 1
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the joint distribution of the wage stickiness parameter and the average wage markup
parameter after integrating out all other parameters. As one can see, the multiple
local peaks give much of the probability to the values of the wage stickiness param-
eters greater than the estimate at the posterior mode. Because the two-dimensional
distribution displayed in Figure 1 integrates out all other parameters, the distribution
is already skewed toward the values of the wage stickiness parameters greater than 0.2.
Nonetheless, the picture demonstrates clearly the nature of thin ridges and multiple
local peaks inherent in the posterior distribution.

The estimates of policy parameters suggest that interest-rate smoothing is important;
the estimate of p,. is 0.82 with a narrow probability interval. The policy response
to deviations of inflation from its target in the interest rule (¢,) is 1.655 with the
lower probability bound still significantly above 1.0. Policy does not respond much to
detrended output and the parameter (¢,) is tightly estimated. The inflation target
(7*) is estimated at 2.28% per annum.

The estimated results for shock processes are reported in Table 4. The AR(1) co-
efficients for all shocks except the preference shock (p,) are above 0.9, although the
lower probability bounds for some coefficients are substantially below (0.9). The pref-
erence shock is almost i.i.d.. The MA(1) coefficients in the price markup and wage
markup processes (¢, and ¢,,) are both sizable. The estimates are 0.698 and 0.749 and
the corresponding .90 probability intervals support these high values. The government
spending shock responds to the neutral technology shock; the response coefficient (p,.)
is 0.894 with a wide probability interval. Although the prior distributions for all the
shock variances are the same, the posterior estimates are very disperse. The depre-
ciation shock (04) and the wage markup shock (o,) have the largest variances; the
monetary policy shock (o,) and the two types of technology shocks (o, and o,) have
the smallest variances. The .90 probability intervals indicate that the marginal poste-
rior distribution of a shock variance is skewed to the right. This shape is expected as
the variance is bounded below by zero below and has no upward bound.

As shown in Table 4, the estimated shock variances in the second regime are sub-
stantially smaller than those in the first regime. The estimated transition probabilities

are summarized by the matrix

(49)

. 0.8072 0.0598
0.1928 0.9402]’

where the elements in each column sum to one. The second regime (i.e., the regime

with low shock variances) is more persistent and, as shown in Figure 2, covers most



SOURCES OF MACROECONOMIC FLUCTUATIONS 26

of the period since Greenspan became Chairman of the Federal Reserve Board. This
result is even stronger when one take into account the error bands, where the lower
bound of ¢o5 is higher than the upper bound of ¢;.

Figure 3 plots the marginal posterior distribution of some key parameters. The local
peaks shown in the marginal distribution of the inflation target are the direct outcome
of the integrated effect of the non-Gaussian joint posterior distribution of all parameters
that has thin ridges and multiple peaks. Most of the probability, however, concentrates
between 2% and 4%. The marginal distribution of the response coefficient to inflation in
the Taylor indicates that there is practically no probability for indeterminate equilibria
for our model.

The marginal distribution of the price-stickiness parameter implies that the price
rigidity is much smaller than what is obtained in the previous literature. The posterior
mode is near the lower tail of the marginal distribution. The joint distribution, as
illustrated in Figure 1, has a thin ridge and many local peaks. After integrating out
all other parameters, the marginal distribution of the wage-stickiness parameter shows
a local peak around 0.7. The majority of the probability, however, lies below the value
0.6.

There are two reasons why we obtain estimates that imply shorter durations of price
and wage contracts than those obtained in the literature such as Altig, Christiano,
Eichenbaum, and Linde (2004) and Smets and Wouters (2007). First, our estimates
suggest that the price markup is very small, implying that the demand curve for dif-
ferentiated goods is very flat. Thus, a small increase in the relative price can lead to
large declines in relative output demand. Even if firms can re-optimize their pricing
decisions very frequently, they choose not to adjust their relative prices too much. In
this sense, the small average markup and thus the large demand elasticity become a
source of strategic complementarity in firms’ pricing decisions. Second, unlike Altig,
Christiano, Eichenbaum, and Linde (2004) who use a minimum-distance estimator that
matches the model’s impulse responses to those in the data, we use full-information
maximum likelihood estimation. This difference is important because Altig, Chris-
tiano, Eichenbaum, and Linde (2004) find that, while a shock to neutral technology
leads to rapid adjustments in prices, a shock to monetary policy leads to small and
gradual price adjustments. Under their estimation approach, matching the impulse
responses following the monetary policy shock is important so that price adjustments
have to be small and gradual. Our estimation approach differs from theirs and we find

that the most important shocks are those to neutral technology, capital depreciation,
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and wage markup, all of which lead to rapid adjustments in prices. Consequently, our
estimated durations of nominal contracts are shorter than those in the literature.

The last row of Figure 3 displays the marginal posterior distributions of the invest-
ment technology trend and the wage indexation. The distribution of the investment
technology trend puts a significant amount of probability around 4%, consistent with
the data on the relative price of investment. The distribution of the wage indexa-
tion parameter is most interesting. While the estimate is at 1.0, there is considerable
uncertainty around the wage indexation parameter so that the estimate of 1.0 is very
imprecise. This result implies that our estimation does not necessarily support a strong

wage indexation.

VII. EcoNOMIC IMPLICATIONS

We now discuss the economic implications of our best-fit model. We first examine,
in Section VIL.1, the role of the various shocks in driving macroeconomic fluctuations
through variance decompositions. We then present, in Section VIL.2, impulse responses
of several key aggregate variables to each of the shocks that we identify as important
for macroeconomic fluctuations. Finally, we provide some economic interpretations of

the key sources of shocks and in particular, the capital depreciation shock.

VII.1. Variance decompositions. Tables 5 and 6 report variance decompositions in
forecast errors of output, investment, hours, the real wage, and inflation under the
two shock regimes at different forecasting horizons for our best-fit model. As we have
discussed in Section VI.2, the wage markup shock and the depreciation shock have the
largest variances among all eight structural shocks. The neutral technology shock is
of considerable interest because of the debate in the recent literature on its dynamic
effects on the labor market variables (e.g., Gali (1999), Christiano, Eichenbaum, and
Vigfusson (2003), Uhlig (2004), and Liu and Phaneuf (2007)).

As we can see, capital depreciation shocks, neutral technology shocks, and wage
markup shocks play an important role in driving business cycle fluctuations under
both regimes. Taken together, these three types of shocks account for 70 — 80% of
the fluctuations in output, investment, hours, and inflation under each regime for the
forecast horizons beyond eight quarters. Monetary policy shock accounts for a sizable
fraction of inflation fluctuations under the first regime but otherwise it is unimportant.
The price markup shock contributes to about 15 — 30% of the real wage fluctuations
under both regimes. It is also somewhat important for inflation fluctuations under the

second regime. The remaining three shocks, including the government spending shock,
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the preference shock, and the biased technology shock are unimportant in explaining

macroeconomic fluctuations.

VIIL.2. Impulse responses. To gain intuition about the model’s transmission mech-
anisms, we analyze impulse responses of selected variables following some of the struc-
tural shocks. In particular, we focus on the dynamic effects of a wage markup shock,
a neutral technology shock, and a depreciation shock on output, investment, the real
wage, the inflation rate, hours, and the nominal interest rate. These shocks, as we dis-
cuss in the previous section, are the most important driving sources of macroeconomic
fluctuations. Since the impulse responses display the same patterns for both shock
regimes except the scaling effect, we report the impulse responses only for the second
regime.

Figure 4 displays the impulse responses following a one-standard-deviation shock
to the capital depreciation rate. The increase in the depreciation rate reduces the
value of capital accumulation and raises utilization and the rental price of capital;
thus investment falls. Since the expected stock of capital wealth declines, the negative
wealth effect leads to a fall in consumption as well. Consequently, aggregate output
falls. The decline in output leads to a decline in hours. The decline in hours and in
consumption lowers the marginal rate of substitution between labor and consumption,
so that the households’ desired wage falls. Thus, the equilibrium real wage declines
as well. The fall in the real wage reduces the firms’ marginal cost so that inflation
declines. Through the Taylor rule, the nominal interest rate declines as well. As the
.90 probability error bands show, all the responses are statistically significant.

Figure 5 reports the impulse responses following a one-standard-deviation shock to
the investment-specific technology. The biased shock raises the efficiency of investment,
investment goods today become cheaper, and current consumption becomes more ex-
pensive. This type of shock, unlike the depreciation shock or the neutral technology
shock, shifts resources from consumption to investment. Consequently, investment
rises and consumption declines. Hours declines initially due to the costly adjustment
in investment as well as the habit formation. After the second quarter, the increase in
demand for investment gradually leads to a rise in hours and the real wage. The rise
in labor hours helps produce more output. Utilization and the rental price of capital
rise as well. All the responses are well estimated, judged by the .90 probability error
bands. In contrast to the responses to the depreciation shock, the biased technology

shock generates opposite movements in output and consumption in the short run and
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consequently its impact on the macroeconomy is much smaller (by comparing the scales
in Figure 4 and those in Figure 5).

Both the capital depreciation shock and the investment-specific technology shock
enter the intertemporal capital accumulation decision. But we find that this biased
technology shock is much less important for macroeconomic fluctuations than the de-
preciation shock. This finding is different from that in Justiniano, Primiceri, and Tam-
balotti (2008), mainly because we use direct observations on the biased technology
shock in our estimation while they do not.

Figure 6 displays the impulse responses following a one-standard-deviation shock to
the neutral technology (i.e., the total factor productivity, or TFP). The positive neutral
technology shock raises output, consumption, investment, utilization of capital, and the
real wage. All these responses are statistically significant for the most part. The shock
should lower inflation and, through the Taylor rule, the nominal interest rate. But the
error bands are wide so that the estimates are insignificant.

The neutral technology shock leads to a statistically significant decline in hours
worked. The decline in hours here, however, is not a direct consequence of price
stickiness. Even with much more frequent price adjustments, we find that the positive
neutral technology shock leads to a decline in hours (not reported). Instead, the
investment adjustment cost (as well as the habit formation to a less extent) plays an
important role in generating the decline in hours. If the investment adjustment cost
parameter is small, we find that the model generates an increase in hours following
the neutral technology shock (not reported), regardless of whether prices are sticky or
not. Thus, our finding does not support the view that the contractionary effect of a
neutral technology shock arises from the price stickiness. It is consistent with Francis
and Ramey (2005), who argue that a real business cycle model with habit persistence
and investment adjustment cost can generate a decline in hours following a positive
neutral technology shock.

Figure 7 reports the impulse responses following a one-standard-deviation shock to
the wage markup. An increase in the wage markup raises the households’ desired real
wage. The households who can adjust their nominal wage raise their nominal wage.
The increase in the nominal wage raises the firms’ marginal cost so that inflation rises
and real aggregate demand falls. It follows that aggregate output, investment, and
hours decline. Consequently, the rental price of capital and utilization rise. Through
the interest-rate rule, the rise in inflation leads to an increase in the nominal interest

rate. All these responses are statistically significant.
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VIL.3. What is a shock to capital depreciation? The variance decompositions
indicate that the TFP shock, the wage markup shock, and the depreciation shock are
the most important sources of macroeconomic fluctuations. The TFP shock and the
wage markup shock should be familiar to many researchers, but the capital depreciation
shock is new. Given its importance in accounting for the macroeconomic fluctuations
in our model, it is useful to provide economic interpretations of the depreciation shock.

Like the TFP shock or any other shocks in this class of models, the depreciation
shock is of reduced form that captures some “deeper” sources of disturbances and pos-
sibly microeconomic frictions that distort intertemporal capital accumulation decisions.
Greenwood, Hercowitz, and Krusell (1997) draw a mapping between investment-specific
technological changes and economic depreciation (as opposed to physical depreciation)
of capital. They note that the economic depreciation rate rises when the equipment
price relative to the consumption price is expected to decline in the future. As the
equipment price is expected to fall, existing capital is worth less and investors have
incentive to postpone investment to future periods, leading to a contraction in current
economic activity, as does our depreciation shock.

Our depreciation shock also closely resembles the capital quality shock in Justiniano,
Primiceri, and Tambalotti (2008) and Gertler and Kiyotaki (2010), who interpret their
capital quality shock as representing some exogenous changes in the value of capital.
One possible microeconomic interpretation is that a large number of goods are produced
using good-specific capital. In each period, as a fraction of goods becomes obsolete
randomly, the capital used for producing those obsolete goods becomes worthless. In
aggregate, the law of motion for capital would feature a depreciation shock or similarly
a capital quality shock to reflect the economic obsolescence of capital.

Thus, we view the depreciation shock as a stand in for economic obsolescence of
capital. Unlike other intertemporal wedges such as the investment-specific technology
shock (or biased technology shock), the depreciation shock in our model generates
positive comovement between consumption, investment, hours, and the real wage. Our
empirical results in general suggest that the depreciation shock, along with the standard
TFP shock and wage markup shock, is an important driving source of business cycle

fluctuations in the U.S. economy.

VIII. CONCLUSION

We have studied a variety of fairly large DSGE models within a unified framework to

reexamine the sources of observed macroeconomic fluctuations in the post-WWII U.S.
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economy. Our econometric estimation suggests that heteroscedasticity in shock distur-
bances are important and that changes in shock variances take place simultaneously
rather than independently. Three types of shocks stand out as the most important
sources of macroeconomic volatilities: a depreciation shock that functions as an in-
tertemporal wedge in capital accumulation, a total factor productivity shock that acts
as an efficiency wedge, and a wage markup shock that serves as an intratemporal labor
supply wedge. We do not find evidence of changes in the inflation target, nor do we
find support for strong nominal rigidities in prices and nominal wages. These findings

are robust across a large set of regime-switching models.

APPENDIX A. DETAILED DATA DESCRIPTION

All data are either taken directly from the Haver Analytics Database or constructed
by Patrick Higgins at the Federal Reserve Bank of Atlanta. The construction methods
developed or used by Patrick Higgins, available on request, will be briefly described
below.

The model estimation is based on quarterly time-series observations on 8 U.S. aggre-
gate variables during the sample period 1959:Q1-2007:Q4. The 8 variables are real per
capita GDP (Y;P#2) real per capita consumption (CP%%) real per capita investment
(IP32) in capital goods, real wage (wP®?), the quarterly GDP-deflator inflation rate
(mwP22) | per capita hours (LP*?), the federal funds rate (FFR;*®), and the inverse of
the relative price of investment (QP%?).

These series are derived from the original data in the Haver Analytics Database

(with the relevant data codes provided) or from the constructed data.

Data _ __GDPH
* V"™ = 55pam6i-
° CData __ (CNQUSECON + CSQUSECON)%100/JGDP
t o POP25-64 :
o [Data _ (CDQUSECON + FQUSECON)+100/JGDP
¢ - POP25-64 .
° wData _ LXNFCQUSECON/100
t - JGDP .
Data __  JGDPq
¢ ﬂ-t ~ JGDPy_1°
° LData _ LXNFHQUSECON
t - POP25-64 :
° FFR?ata _ FFED@Z[OJOSECON'
° QData — JGDP
t TornPricelnv4707CV *

The original data, the constructed data, and their sources are described as follows.

POP25-64: civilian noninstitutional population with ages 25-64 by eliminating
breaks in population from 10-year censuses and post 2000 American Community

Surveys using “error of closure” method. This fairly simple method was used by
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the Census Bureau to get a smooth population monthly population series. This
smooth series reduces the unusual influence of drastic demographic changes.

GDPH: real gross domestic product (2000 dollars). Source: BEA.

CN@USECON: nominal personal consumption expenditures: nondurable goods.
Source: BEA

CS@QUSECON: nominal consumption expenditures: services. Source: BEA.

CD@USECON: nominal personal consumption expenditures: durable goods.
Source: BEA.

FQUSECON: nominal private fixed investment. Source: BEA.

JGDP: gross domestic product: chain price index (2000—100). Source: BEA.

LXNFC@QUSECON: nonfarm business sector: compensation per hour (1992=100).
Source: BLS.

LXNFH@QUSECON: nonfarm business sector: hours of all persons (1992=100).
Source: BLS.

FFEDQ@QUSECON: annualized federal funds effective rate. Source: FRB.

TornPricelnv4707CV: investment deflator. The Tornquist procedure is used
to construct this deflator as a weighted aggregate index from the four quality-
adjusted price indexes: private nonresidential structures investment, private
residential investment, private nonresidential equipment & software investment,
and personal consumption expenditures on durable goods. Each price index is a
weighted one from a number of individual price series within this categories. For
each individual price series from 1947 to 1983, we use Gordon (1990)’s quality-
adjusted price index. Following Cummins and Violante (2002), we estimate an
econometric model of Gordon’s price series as a function of a time trend and a
few NIPA indicators (including the current and lagged values of the correspond-
ing NIPA price series); the estimated coefficients are then used to extrapolate
the quality-adjusted price index for each individual price series for the sample
from 1984 to 2007. These constructed price series are annual. Denton (1971)’s
method is used to interpolate these annual series on a quarterly frequency. The
Tornquist procedure is then used to construct each quality-adjusted price index

from the appropriate interpolated quarterly price series.
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TABLE 1. Schwarz Criterion for the Set of DSGE Models

Model Baseline Restricted
DSGE-con  5859.71 5811.14
DSGE-2v 5963.03  5920.01
DSGE-2¢ 5853.13  5805.27
DSGE-2cv  5960.71  5907.00
DSGE-2¢2v  5958.78 5913.85
DSGE-2v2v 5958.18 5912.22
DSGE-3v 5950.73  5926.91

Note: Column 1 lists the models studied: the DSGE model with all parameters that
are constant across time (DSGE-con), the DSGE model with two regimes in shock
variances (DSGE-2v), the DSGE model with two regimes in the inflation target only
(DSGE-2¢), the DSGE model with two common regimes for both shock variances and
the inflation target (DSGE-2cv), and the DSGE model with two independent Markov
processes, one controlling two regimes in shock variances and the other controlling
two regimes in the inflation target (DSGE-2¢2v), the DSGE model with two
independent Markov processes, one controlling two regimes in variances of two
technology shocks and the other controlling two regimes in variances of all the other
shocks (DSGE-2v2v), and the DSGE model with three regimes in shock variances
(DSGE-3v). Column 2 reports the posterior densities at the posterior mode, adjusted
by Schwarz criterion. Column 3 displays the posterior densities evaluated at the
posterior modes for models with the persistence parameters in both the price and

wage markup processes set to zero.

TABLE 2. Comprehensive Measures of Model Fits

Model Marginal Data Density
DSGE-con  5741.24
DSGE-2v 5832.38
DSGE-2¢ 5739.32
DSGE-2cv  5832.60
DSGE-2¢c2v  5830.84
DSGE-2v2v 5826.95
DSGE-3v 5813.91
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TABLE 3. Prior and Posterior Distributions of Structural Parameters for
the model “DSGE-2v.”

Prior Posterior

Parameter Distribution 5%  95% Mode 5% 95%

b Beta 0.05 0.948  0.907 0.8898 0.9533
o Beta 0.15 0.35 0.163 0.1701 0.2162
Qo Beta 0.35 0.75 0.835 0.7348 0.8101
n Gamma 0.2 10.0 2.888 2.7151 8.3848
100(A\, —1)  Gamma 0.1 1.5 1.000 0.7663 1.5001
100(A, — 1)  Gamma 0.1 1.5 0.237 0.0876 0.4414
100 (37t —1) Beta 0.2 4.0 0.175 0.0518 0.3915
Ou Gamma 0.5 3.0 2.263 1.3343 5.5196
S” Gamma 0.5 5.0 2.000 1.2086 3.6145
pp — 1 Gamma 0.01 0.50 0.000 0.0001 0.0032
My — 1 Gamma 0.01 0.50 0.060 0.0166 0.4151
46 Beta 0.05 0.2 0.134 0.0956 0.5928
& Beta 0.1 0.75 0.412 0.2312 0.6202
Yp Beta 0.05 0.95 0.178 0.0261 0.3390
&w Beta 0.1 0.75 0.213 0.2482 0.6779
Yoo Beta 0.05 0.95 1.000 0.2275 0.9724
Dr Beta 0.05 0.948  0.816 0.7923 0.8726
Or Gamma 0.5 5.0 1.655 1.4119 2.2899
Oy Gamma 0.05 3.0 0.043 0.0241 0.1168

400 log * Gamma 1.0 8.0 2.283 1.2228 6.1118

Note: “5%” and “95%” demarcate the bounds of the 90% probability interval.

“DSGE-2v” denotes the model with two regimes in shock variances.
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TABLE 4. Prior and Posterior Distributions of Shock Parameters for the
model “DSGE-2v.”

Prior Posterior

Parameter Distribution 5% 95% Mode 5% 95%

Pp Beta 0.05 0.948  0.949 0.8524 0.9642
Op Beta 0.05 0.948  0.698 0.5009 0.8439
Pw Beta 0.05 0.948  0.999 0.8047 0.9973
Dw Beta 0.05 0.948  0.749 0.6597 0.9307
Py Gamma 0.2 3.0 0.894 0.4555 1.3748
Pa Beta 0.05 0.948  0.107 0.0471 0.4010
Pq Beta 0.05 0.95 0.994 0.9875 0.9973
Pz Beta 0.05 0.95 0.992 0.9832 0.9984
Pd Beta 0.05 0.948  0.934 0.9172 0.9820
o-(1) Inverse Gamma 0.0005 1.0 0.004 0.0038 0.0066
o-(2) Inverse Gamma 0.0005 1.0 0.001 0.0012 0.0016
o,p(1) Inverse Gamma 0.0005 1.0 0.039 0.0312 0.1426
0,(2) Inverse Gamma 0.0005 1.0 0.028 0.0211 0.0819
(1) Inverse Gamma 0.0005 1.0 0.255 0.2708 2.9007
ow(2) Inverse Gamma 0.0005 1.0 0.144 0.1452 1.6253
og(1) Inverse Gamma 0.0005 1.0 0.041 0.0332 0.0566
04(2) Inverse Gamma 0.0005 1.0 0.021 0.0192 0.0247
o.(1) Inverse Gamma 0.0005 1.0 0.010 0.0099 0.0167
0.(2) Inverse Gamma 0.0005 1.0 0.006 0.0064 0.0083
o4(1) Inverse Gamma 0.0005 1.0 0.043 0.0375 0.1371
04(2) Inverse Gamma 0.0005 1.0 0.037 0.0337 0.0819
o,(1) Inverse Gamma 0.0005 1.0 0.007 0.0064 0.0109
,(2) Inverse Gamma 0.0005 1.0 0.002 0.0026 0.0034
oq(1) Inverse Gamma 0.0005 1.0 0.193 0.1442 1.0925
04(2) Inverse Gamma 0.0005 1.0 0.099 0.0702 0.4989
q11 Dirichlet 0.589  0.991 0.807 0.6045 0.8749
q22 Dirichlet 0.589 0.991  0.940 0.9063 0.9769

Note: “5%” and “95%” demarcate the bounds of the 90% probability interval.

“DSGE-2v” denotes the model with two regimes in shock variances.
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TABLE 5. Forecast Error Variance Decomposition: Regime I

Horizon MP PM WM GS Ntech  Pref  Btech Dep
Output

4Q 5.1443  4.1486  21.7621 12.8076 21.7050 1.4694 0.2106 32.7525

8Q 2.6618 4.1472 36.6626 6.3157 23.4311 0.5821 0.3289 25.8707

16Q 1.2227  2.9278  49.3857 3.4905 25.7249 0.2658 0.3942 16.5885
20Q 0.9756 2.5166 52.4044 2.9881 26.1211 0.2121 0.4119 14.3702

Investment
4Q 8.2082 5.7979 14.4682 0.7438 4.7909 0.5182 1.5667 63.9061
8Q 4.6292  6.2905 22.8817 1.1375 7.1533 0.7034 2.2140 54.9904

16Q 3.2021  5.9545 30.5410 1.2310 10.2411 0.6839 3.6330 44.5134
20Q 3.0318  5.7789  32.0371 1.1764 11.1034 0.6478 4.2787 41.9460

Hours
4Q 6.2409 4.6560 33.5268 18.7046 3.9659 2.0046 0.0815 30.8198
8Q 3.4031 4.8188 58.8519 10.9127 1.8040 0.9368 0.1388 19.1339

16Q 1.7212  3.0812 76.6957 6.8522 0.9926 0.4698 0.1114 10.0761
20Q 1.3929  2.5430 79.8568 6.0511 0.8162 0.3841 0.0938 8.8619

Real wage
4Q 6.2726  14.9794 245772 0.2213  34.1127 1.1717 0.2982 18.3668
8Q 5.6839 19.8200 12.8581 0.1161 31.7275 0.5643 0.2978 28.9321

16Q 3.3235  20.6873 6.9996 0.1603  36.8344 0.3290 0.3967 31.2691
20Q 28272 19.7771 5.9603 0.1726  39.2705 0.2857 0.4580 31.2486

Inflation
4Q 17.1586 11.2160 34.3253 1.1835 0.1755 1.1923 0.5994 34.1493
8Q 17.1334 9.3782 36.9222 1.1124 0.1509 1.0689 0.7772 33.4568

16Q 14.3407 7.9953 40.9412 0.9402 0.1589  0.9094 0.7557 33.9585
20Q 12.8011 7.2902 42.2714 0.8484 0.2053 0.8251 0.6802 35.0783

Note: Columns 2 — 9 correspond to the shocks: the monetary policy shock (MP), the
price markup shock (PM), the wage markup shock (WM), the government spending
shock (GS), the neutral technology shock (Ntech), the preference shock (Pref), the
biased technology shock (Btech), and the depreciation shock (Dep).
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TABLE 6. Forecast Error Variance Decomposition: Regime 11

Horizon MP PM WM GS Ntech  Pref  Btech Dep
Output
4Q 1.4623 6.8572  22.2957 10.9572 27.1732 3.5101 0.0921 27.6522
8Q 0.7325 6.6368 36.3663 5.2312  28.4007 1.3462 0.1392 21.1470
16Q 0.3285 4.5746 47.8282 2.8228  30.4437 0.6002 0.1629 13.2390
20Q 0.2611 3.9167 50.5532 2.4070 30.7917 0.4770 0.1696 11.4238
Investment
4Q 2.6142 10.7376 16.6082 0.7130 6.7202 1.3870 0.7675 60.4524
8Q 1.3975 11.0425 24.8966 1.0335 9.5109 1.7845 1.0280 49.3065
16Q 0.9411 10.1760 32.3509 1.0888 13.2559 1.6891 1.6423 38.8559
20Q 0.8887 9.8499 33.8462 1.0379 14.3342 1.5957 1.9291 36.5185
Hours
4Q 1.8550 8.0476 35.9182 16.7333 5.1919 5.0074 0.0373 27.2093
8Q 0.9744 8.0232 60.7354 9.4043 2.2750 2.2543 0.0611 16.2724
16Q 0.4847 5.0454 77.8436 5.8075 1.2310 1.1118 0.0482 8.4277
20Q 0.3918 4.1596 80.9619 5.1229 1.0112 0.9081 0.0406 7.4039
Real wage
4Q 1.5771 21.9006 22.2722 0.1675 37.7754 2.4758 0.1153 13.7161
8Q 1.4263 28.9214 11.6296 0.0877  35.0659 1.1900 0.1150 21.5641
16Q 0.8150 29.4979 6.1863 0.1183 39.7808 0.6781 0.1496 22.7740
20Q 0.6917 28.1379 5.2561 0.1271  42.3184 0.5875 0.1724 22.7089
Inflation

4Q 5.3155 20.2044 38.3260 1.1035 0.2395 3.1041 0.2856 31.4214
8Q 5.3827 17.1324 41.8078 1.0518 0.2089  2.8220 0.3755 31.2189
16Q 4.4593 14.4569 45.8850 0.8799 0.2176 2.3764 0.3614 31.3634
20Q 3.9610 13.1172 47.1437 0.7901 0.2798  2.1456 0.3237 32.2388
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FIGURE 1. The histogram plot for the joint posterior distribution of the

wage stickiness parameter and the average wage markup parameter for
the model DSGE-2v.
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TECHNICAL APPENDIX
SOURCES OF MACROECONOMIC FLUCTUATIONS: A
REGIME-SWITCHING DSGE APPROACH
(NOT INTENDED FOR PUBLICATION)

ZHENG LIU, DANIEL F. WAGGONER, AND TAO ZHA

In this appendix, we derive the optimizing decisions, describe the stationary equilib-
rium, and derive the log-linearized equilibrium conditions in the paper entitled “Sources
of Macroeconomic Fluctuations: A Regime-Switching DSGE Approach” by Liu, Wag-

goner, and Zha.

[. THE OPTIMIZING DECISIONS

[.1. Households’ optimizing decisions. Each household chooses consumption, in-
vestment, new capital stock, capacity utilization, and next-period bond to solve the

following utility maximizing problem:

Maxc,, 1, kiue, B} B ZﬁtAt {log(ct —bCyq) — 1_%—17[’?—1—2'(}1')14_”} (1)
=0

subject to

_ p _
Ptot+§t([t“‘a(ut)Kt—l)+EtDt,t+lBt+l < M(h)Lf(h)+BrktUth—1+Ht+Bt+Tt> (2)
t

Iy

K= (1-6)K 1+ [1 —S (ﬁ)] I, (3)

Date: February 25, 2010.

This appendix is not intended for publication.
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Denote by g, the Lagrangian multiplier for the budget constraint (2) and by py, the
Lagrangian multiplier for the capital accumulation equation (3). The first order con-

ditions for the utility-maximizing problem are given by

AtUct = Mtpw (4)

Dt,t+1 - B,Ut+17 (5)
Mt

p ! !
Mé) - = e {1 = S(Ar) = S" (M) Are} + BEupin 1415 ()\I7t+1)()‘17t+1)2 (6)
t
> /~Lt+1pt+1
Kkt = ﬁEt ,uk,t—l—l(l - 5t+1) + Mt+1pt+17”k,t+1ut+1 - TCL(Ut+1) > (7)
t+1

a'(u

T = é?tt), (8)

where A\, = I,/ 1;_4.
Let gy = Q¢ :ﬁgﬁ denote the shadow price of capital stock (in units of investment
goods). Then, (4) and (6) imply that

qkt ’ qk,t+1 At+1Uc t+1 o 9
1—SAe) = S" A\t + BE S(\ A . 9
Qt Qt{ S(Ar) = S (Ar)Are} + 8 O Al (Are+1) (Are+1) (9)

Thus, in the absence of adjustment cost or in the steady-state equilibrium where
S(Ar) = S"(A;) =0, we have gy, = 1. One can interpret g, as Tobin’s Q.
By eliminating the Lagrangian multipliers u; and py, the capital Euler equation (7)

can be rewritten as

kt _ BE, Ay Uc,t+1
t At Uct

a(u
(1— 5t+1)Qk s + e Ur — (1) . (10)

Qt—l—l Qt+1

The cost of acquiring a marginal unit of capital is gy, /Q; today (in consumption unit).
The benefit of having this extra unit of capital consists of the expected discounted
future resale value and the rental value net of utilization cost.
By eliminating the Lagrangian multiplier p;, the first-order condition with respect
to bond holding can be written as
AUsii B
AUy P

Dt,t-l—l = /6 (11)

Denote by R; = [EtDt,Hl]_l the interest rate for a one-period risk-free nominal bond.

Then we have

i (12)

In each period t, a fraction &, of households re-optimize their nominal wage setting

1 SE, [At+1Uc7t+l 7pt ] '
AUy Py

decisions. Those households who can re-optimize wage setting chooses the nominal
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wage Wi(h) to maximize

e 3 FEhAundlog(Crus = WCruina) = T L (0)!™) + (13)
i=0
Ht+i[Wt(h)X§ft+iLg+i(h) + Myl (14)
where the labor demand schedule is given by
VVt(h)X;Ut AN Hawt
L (h) = | —=20 Lisi, O = —/—2—, 15
t+l( ) ( Wt+i ) t+ t th - 1 ( )

the term my is given by
p 5 P,
my = BirgugdSey + 1L+ By + T, — RCy — a(]t +a(u) Ki—1) — E¢Dy 1By,
t
and the term i’ ,, is given by
[T — Hizlﬂgj:k—lﬁl_wﬁ,tﬂ ifti>1
Xtt+i = o (16)
1 if i =0,

Abyi
A

The first-order condition for the wage-setting problem is given by

* —
where )\tﬂf-‘ri =

- , oLL . (h
Ey Z(ﬁgw)l {—At+i¢Lf+i(h)n#((h>) + peri(1 — 9w,t+i)X§t+iLg+i(h)} =0, (17)
i=0 ¢
where
aLg—l—i(h) —_0,, ‘Lf+i(h) _ __ Huwit Lg+i(h'>.
OWy(h) W (h) fw,iri — 1 Wi(h)

Factoring out the common terms and rearranging, we obtain

= eyl 1 PAGLE)
B (06 i ) L PR o o

0 wyiti — 1 Hot+i

Let MRS, (h) = M+§(h)n denote the marginal rate of substitution between leisure and

income. Then, using (11), we can rewrite the first-order condition for wage setting as

1

How,ti — 1

By Y &L Dusyi LYy, (h)

=0

{#tw,01iM RSy 1i(h) = x5 Wi(h) } = 0. (18)
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[.2. Firms’ optimizing decisions. Pricing decisions are staggered across firms. In
each period, a fraction &, of firms can re-optimize their pricing decisions and the other

fraction 1 — &, of firms mechanically update their prices according to the rule
P(j) = W?fﬂl_””Pt_l(j), (19)

If a firm can re-optimize, it chooses P,;(j) to solve

Maxp,gy Ee ) & Dyl PN Vit (G) = Visa ()], (20)
i=0
subject to
Hp t+i
. P(j)Xp AN
Vi, () = (7t Iz — ) Yiti, (21)
t+i

where V;,;(j) is the cost function and the term Xi ++; comes from the price-updating

rule (19) and is given by

Hi_ Tp 1—vp f > 1
TS S (22)
1 if7=0.

The first order condition for the profit-maximizing problem yields the optimal pricing
rule

M tai — 1 I::upﬂf-i-i@t—i-i(j) - Pt(])Xf,t-i-Z] - 0, (23)
D, 7

B Y & DieniYi(5)
=0
where ®;1;(j) = OViy4(j)/0Y,2,(j) denotes the marginal cost function. In the absence
of markup shocks, p,; would be a constant and (23) implies that the optimal price is
a markup over an average of the marginal costs for the periods in which the price will
remain effective. Clearly, if {, = 0 for all ¢, that is, if prices are perfectly flexible, then
the optimal price would be a markup over the contemporaneous marginal cost.

Cost-minimizing implies that the marginal cost function is given by

_ 1

. e (W

o) = [t () |7 vt (29)
t

where & = a7 'a, ** and ry; denotes the real rental rate of capital input. The condi-

tional factor demand functions are given by

V_Vt = @t(j)%
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It follows that
W, _ Q2 th(J)
Perie a1 LI(j)

, Vjielo1]. (27)

[.3. Market clearing. In equilibrium, markets for bond, composite labor, capital
stock, and composite goods all clear. Bond market clearing implies that B; = 0 for all
t. Labor market clearing implies that fo Lf )dj = L;. Capital market clearing implies
that fo th )dj = u, K;_1. Composite goods market clearing implies that

Ct + a[[t + a(ut)Kt 1] -+ Gt Y;, (28)
t

where aggregate output is related to aggregate primary factors through the aggregate
production function
Gpt}/;f = (uth—l)al(ZtLt>a2v (29)
Hpt 1

with G = fo (Pt(] ) Fet T2 g measuring the price dispersion.

t

II. STATIONARY EQUILIBRIUM CONDITIONS

Since both the neutral technology and the investment-specific technology are growing
over time, we transform the appropriate variables to induce stationarity. In particular,

we denote by X, the stationary counterpart of the variable X, and we make the following

transformations:
- Y; ~ Cy = I ~ G, ~ K,
t )\:7 t )\:7 t Qt)\z” t )\:7 t Qt)\%kj
W - .
Wy = : Tkt = Tthu Ues = Uct)\ta

P
where the underlying trend for output is given by

X = (Z0Q) T

II.1. Stationary pricing decisions. In terms of the stationary variables, we can
rewrite the optimal pricing decision (23) as

[e.e]

i 7 ¥ . 1 . *
B ) (8%) At+iUC7t+iY;tC—|l—i(j)7M " 1[Mp,t+i¢t+z‘(9) = Pi 214 = 0. (30)
i=0 pitte
In this equation, Y (j) = Yf\t’ denotes the detrended output demand; p; = P;étj)

denotes the relative price for optlmlzlng firms, which does not have a j mdex since all
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optimizing firms make identical pricing decisions in a symmetric equilibrium; the term
Zp

t.4+ 18 defined as

X?t j
p [p— 77 +Z (31)
Lt ;
o l l;gzl Ttk

and finally, the term ¢;,;(j) = %ﬁ_j) denotes the real unit cost function, which is given

by
. - fk,t—i—i ar )\:_H @2 aliaz d s a—L 1
Prri(j) = | Ores thZ Y;t+i(]) “1tez

U S
= (A (Prpga) ™ (Wpp) 2] 71702 Kﬁii(])“”” g (32)

The demand schedule fft‘iz (7) for the optimizing firm j is related to the relative price
and aggregate output through

: Oy
) =[] Ty
D —Op,tti
= {p:%Xf‘it-i-i} Y/tﬂ'
= P20 Y (33)
Combining (32) and (33), we have
Gori(§) = Pori [p:Z§t+i]_9p’t+ia(Y/;+i)da (34)
where & = I;Tﬁ and
Gri = 16 (Frpsd)™ (@ey) )77 | (35)

Given these relations, we can rewrite the optimal pricing rule (30) in terms of sta-

tionary variables
= AUV (5
Et Z(ﬁgp)z t+ gttt (j)

i—o Ppiti — 1

[Mp,t+z’¢~5t+z' [pizﬁtﬂ]_e”’t“a(ﬁﬂ)a - P:Zzgtﬂ] =0, (36)

where ¢ is defined in (35).

I1.2. Stationary wage setting decision. Using (4) and (11), we can rewrite the

optimal wage-setting decision (18) as

ArviUc v P, d 1 Lf+i(h)" B
E§ w) J —— L% (h)————— |t 4riy ———P; — Wi(h wi—o,
t g (/85 ) 4tlrct Pt ; t+z( ) w.bbi 1 [:u S+ 77D th ; 3 t( )Xt7t+ ]

(37)



TECHNICAL APPENDIX 7

where the labor demand schedule L{, ,(h) is related to aggregate variables through

W]
Li () = T] Lus (39)
+1
- = 0
. V[/t " w,t+1
= | W Wyes Xt,t+i:| Lty (39)
- e -0
wtpt)\: w,t+1
= L S VO L., 40
B PN, X“*’} " o
[ oy~ w —Ow,t+i
_ “it wy : Xt t+i Loss (41)
| Wei JTjmy Tk 14
Mo~ —Ouw,t+i
wiw
= [z " L (12)
| Wit
with 7}, defined as
w Xf&l,)t i
Ziri = - (43)

i .
[T 7Tt+k>‘t,t+i

Further, we can rewrite the individual optimal nominal wage W, (h) as
Wt(h) - wat == wfu?tpt)\f

Given these relations, we can rewrite the wage setting rule (37) in terms of the

stationary variables. With some cancelations, we obtain

T i Ave Uil (1) wiwy ., s L = rrw
- ; g<ﬁ£w> P t+i — 1 P 4% mZt,tﬂ‘ ﬁC,t+i —wywiZyy ;o = 0.
(44)

I1.3. Other stationary equilibrium conditions. We now rewrite the rest of the
equilibrium conditions in terms of stationary variables.

First, the optimal investment decision equation (9) can be written as

AQr A (jc,t+1

1= qu {1 - S()\It) - S,()\It))\lt} + ﬂEtQk,tH )\Zk+1Qt+1 AtUct S,()\I,t+1)(>‘l,t+1)2>
(45)
where .
I I ¥
)\It _ t tQt)\t (46)

Iy jt—th—l)\:_1.
Second, the capital Euler equation (10) can be written as

A 0c,t+1 A Qy

= GE =
Ue = FE AUy M1 Qi

(1 = 0ps1) Qo1 + Thpr1err — altggr)] - (47)
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Third, the optimal capacity utilization decision (8) is equivalent to
fkt = a/(ut). (48)

Fourth, the intertemporal bond Euler equation (12) can be written as

1 AU, 1
i 6Et *t t+1 ~ Jt+1 ) (49)
Ry >‘t+1 AUy T
Fifth, the law of motion for capital stock in (3) can be written as
3 N Qg - 5
Ko=(01- 5t)t>\17“Kt_1 + 1= SO (50)
Hen
Sixth, the aggregate resource constraint is given by
S T W B L
Ct + [t + %Qtla(ut)f(t_l + Gt = }/;f (51)
A Qr
Seventh, the aggregate production function (29) can be written as
_ >\*_ Q _ _ al N
Gpt}/;‘/ == {%ut}(t—l} Ltz. (52)

Eighth, firms’ cost-minimizing implies that, in the stationary equilibrium, we have

~ ES s
wy Qg N1 Qi1 u Ky

— = 53
Tkt ar AFQy Ly ( )
Finally, we rewrite the interest rate rule here for convenience of referencing:
on o
. Tt o)
R, = kRY" A eIt 54
t t—1 (71'* ( St) ) t ( )

III. STEADY STATE

A deterministic steady state is an equilibrium in which all stochastic shocks are shut
off. Our model contains a non-standard “shock”™ the Markov regime switching in mon-
etary policy regime and the shock regime. In computing the steady-state equilibrium,
we shut off all shocks, including the regime shocks. Since there is a mapping between
any finite-state Markov switching process and a vector AR(1) process (Hamilton, 1994),
shutting off the regime shocks in the steady state is equivalent to setting the innova-
tions in the AR(1) process to its unconditional mean (which is zero). In such a steady
state, all stationary variables are constant.

In the steady state, p* = 1 and ZP = 1, so that the price setting rule (36) reduces to

L _ i v (55)
Hp

That is, the real marginal cost is constant and equals the inverse markup.
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Similarly, in the steady state, w* = 1 and Z" = 1, so that the wage setting rule (44)
reduces to
YL"

W = [y o (56)

which says that the real wage is a constant markup over the marginal rate of substitu-
tion between leisure and consumption.

Given that the steady-state markup, and thus the steady-state real marginal cost,
is a constant, the conditional factor demand function (26) for capital input together

with the capital market clearing condition imply that

Y= a Y AN (57)
Hp K

The rest of the steady-state equilibrium conditions for the private sector come from

(45) -(53) and are summarized below:

Aqg I (59)
mo= d(l), (60)
)\*
R = —m, 61
3 (61)
I 1-6
7 we (62)
Y = C+I1+G, (63)
N K\
Y = Lo 4
(Aqk* : (64)
W1 K
e AN L (65)

IV. LINEARIZED EQUILIBRIUM CONDITIONS

We now describe our procedure to linearize the stationary equilibrium conditions

around the deterministic steady state.
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IV.1. Linearizing the price setting rule. Log-linearizing the price setting rule (36)

around the steady state, we get

- i A N N % A N
E¢ln Z(ﬁfp) exp {am i + Oyi(h) — == fipati + fipetit

=0 pp — 1

Gupi — Op@[Py + Zf 1] + dgt—i—i}

o0 . A A ) " ) . X
~ E;In Z(ﬂép) exp {at+i + i + Gy (h) — i i Pt +p + Zf,t-H;} ;
i=0 P
where
Sevi = ———loaiprs + oz (66)
;= aqr i QWi -
i T o T g L Rt oWy
Collecting terms to get
By > (06) { fipari + Gvss — 007 + Zfoyi] + Gl
i=0
~ B Y (86) {5+ 2}
i=0
Further simplifying
1+6,a ., - (. 2 . .
Dy = E, Z(ﬂgp) {Np,tJri + Gy + Qe — (1 + epa)Zth} :
1 =56 i=0
Denote mcy; = QNSt +i + af4;. Expanding the infinite sum in the above equation, we
get
1+ab, A . 5
——Ppr = i+ me — (1+ Qpa)th
1= B¢

~

+ BEEfip 1 + ey — (1+0,a) 27 ]
+ (5§p)2Et[ﬂp,t+2 + Mo — (1 + ep@)Z£t+2] +...

Forwarding this relation one period to get

1+ a6, A . s
7ppt+1 = [pg+1 T MCy1 — (1+ epa)Zf+1,t+1
1 —B&,
+ BB [fip e + mero — (1 + Hp@)ZfH,tw]
+ (/Ggp)zEHl[rap,HS + mct+3 - (1 + epd)ZAf+l,t+3] +...
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Moving the Z7,,; terms to the left, we have

1+ adb,
1—B&,
+6§pEt [/:Lp,t—i—l + mCt+1]

+(8&) Exlftp 2 + mcria] + ...

P+ (14 ad,)E [Zﬁt + /6€PZA£H-1 + ] = fipe + mcy

= /lpt + ’ﬂAlCt
14+ afb - ; .
+58p ﬁngtpt+1 + (14 aby)Ee[ 27, 11 + B2 410 + -]
P
Since Zfit = 0, we have

1+ad, . 1+ ab

= fip + mey + B—LEp;
1_5510 pl t pl _651) tPt+1

+ (1+08,)B6E > (86) (21 imin — Zlisint): (67)

i=0

Using the definition of Z7,,; in (31), we obtain

7D _ A N o N
Zt,t—l-i—l-l - _[Wt+z’+1 = VpTii + o+ Mpp1 — %7&]
Sp B . . X K
Zt+1,t+i+1 - _[Wt+i+1 — VpTps + =+ + Tpqo — ”Ypm+1].

Thus,
7D 7P _ A A
Zt+17t+z’+1 - Zt,t+i+1 = T41 — VpT,

and the Z? terms in (67) can be reduced to

e ) s . 1 R A
Z(ﬁ&n) [Zf—l—l,t—i-i—l—l - Z£t+i+1] = _7[7Tt+1 — Ypfte).
- -6,

Substituting this result into (67), we obtain

L 1-p :
B = T Ui+ 1)+ BE B + B — ) (68)

This completes log-linearizing the optimal price setting equation. We now log-linearize
the price index relation. In an symmetric equilibrium, the price index relation is given
by

1
1—ppt . 1
i ] (=& T, (69)

the linearized version of which is given by

1—@[1

Tt
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Using (70) to substitute out the p; in (68), we obtain

1 Epgp[ — Vpre—1]

— 5%
1+a%

(,Upt + mey)

‘|‘ﬁ§p1 f ¢ Ee[Ter1 — vpme] + BEEe [ — el

or
A . K A N A N
= VpTt—1 = ﬁ(#pt +mice) + BB — el (71)
where the real marginal cost is given by
1
cp = Fhet i Urai| + Q. 72
e =~ (1P s + Qotryi] + Ay (72)

and the term k, is given by

L (1-08)(1-8)
P — gp

This completes the derivation of the price Phillips curve.

IV.2. Linearizing the optimal wage setting rule. Log-linearizing this wage deci-

sion rule, we get

E;In Z(ﬁ{w)’ exp {dt—i-i + Ue i + Zf+i(h) - flw t4i + [l t4i—

Lo
i=0 pa — 1

U@wa+ﬁ%—4%+V+Z$H]+nﬂﬂ“-@mﬂ}

~ E;In Z (B&w)" exp {at-i-z + Ui + lt+z(h) M Mi llaw,t-i-i + Wy + Wy + ZAthz} :

Collecting terms to get

Et Z(ﬂgw)z {/lw,t-l-i - er [UAJ: + wt - wt—l—i + ZAtL:]t.H] + nit+i - ac,t—l—i}

i=0
~ E, Z(ﬁgw)l {UA): +w; + ZAtuitﬂ} :
i=0

Further simplifying

1 + 779 - : A~ 7 ~ A
[T (w; +i) = E Z(ﬁgw) {,uw,t-i-i + Nleri = Ueypri + N0 — (1 + nby) tt—i—z}

=0
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Denote mrs;,; = nZtH — Ucy4i. Expanding the infinite sum in the above equation,

we get
1+ 911} A~ % -~ Iy ) 1 L Z
ﬁ(wt F ) = e+ s — W+ (1 +00y) (0 — Z15)

A

+ BwEi|flw,ir1 +mirsgy — Wipy + (14 00y) (W1 — 2141
+ (Bw)’E: [ t2 + Mrsiro — Wi + (1 + 1y (Wi — ZAZUt—i-2)] +...

Forwarding this relation one period to get

1+ ew . R ~ ~ ~ A Sw
ﬁ(wtﬁ-l FWiy1) = flwgpr +mS1 — Wigr + (14 00y) (W1 — Zt+1,t+1)

A

+ ﬂgwEtH[ﬂth + mrsis — Wiao + (14 1n0y) (Wi — Zfil,m)]
+  (B&w) B [flwirs + mirsiss — Wi + (14 00,) (Wi — ZAtlil,t—l—Zi)] +...
Moving the Z, ., terms to the left, we have

1+ ew A~k ~ 7w W ~ » ~ ~
= Z& (W7 + ) + (1 +n0uw)E[ 2}, + BEZy i + -] = e+ mirsy — by + (1 4 0y,

+BEE flw 111 + mirsigr — Wi + (1 4 0l ) Wiy
+(BEw) Eilfiw tra + mrsiye — Wira + (14 190,) o] + - ..

= /jl’wt + mA'f’St — wt -+ (1 —+ n@w)wt

1+ T]Qw ~ ~ Zw Zw
q(wt—i—l + Wer1) + (L4 000)[ 251 101 + B Zia e + 1|

1470y, .. . R R R R 1+n0, " R
1_ wa (wt -+ wt) = Hwt +mrs; — wy + (1 -+ nﬁw)wt + 6&”%&(@“ -+ wt—l—l)
(14 000) BB Y (BE) 1285 rier — Zisyi). (73)
=0

Using the definition of Z},,; in (43), we obtain

W A ~ ~ ~
Zt,t+i+1 = —[7rt+,~+1 = YwTtti T+ Tpp1 — %ﬂt]
S B . A A A
t+1, i+l —[7t+i+1 — YTy + o0+ Mo — ’Yw7Tt+1]-

Thus,
Sw Sw oA ~
Zt+1,t+z'+1 - Zt,t-i—z'—i—l = Tl — YwTts

and the Z" terms in (73) can be reduced to

- i w Zw 1 A~ A~
Z(ﬁfw) [Zt+1,t+i+1 - Zt7t+i+1] = W[WH — YuTe].
i=0 w
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Substituting this result into (73), we obtain

1_/66111

1410 (ﬂwt"‘m}’St—wt)‘i‘(1—ﬂfu})wt+ﬂwat(wrﬂ—i-wtﬂ)—'—ﬂwat[ﬁtH—’Ywﬁt]-

(74)

This completes log-linearizing the wage decision equation. We now log-linearize the

Ak | A
wy +wg =

wage index relation. In an symmetric equilibrium, the wage index relation is given by

1
Wiy 1 T—papt

Y + (1= &) (w]) T (75)

the linearized version of which is given by

wy = 1 Ewg (W — Wy—q + T — YuTe—1)]. (76)
Using (76) to substitute out the w; in (74), we obtain
. Ew . . . .
wy + 1—¢ [Wy — Wy + Ty — YoTe—1]
1_ W /A A N N
=1 +§§w (fit + mirsy — ) + (1 — B, )y
+B8wEs {wt+1 + 1 _wg (Wi — Wy + Tpy1 — %ﬁt]} + BB Ter1 — YTl
or
By — Wy + 7 : 0 (i + 1 s, — )+
Wy — Wiy + T — YooTri—1 = ————(flgt + MTs; — W
t t—1 t — YwTit—1 1+ 10, Hawt t t
BE (W1 — Wy + Tpg1 — Yol (77)
where k,, = %

To help understand the economics behind this equation, we define the nominal wage
inflation as - B
W, wy S Wy .
e g— = — — t " = — ﬂ't t—1,t (78)
Wiy wt—lpt—l)\t_l Wi—1

The log-linearized version is given by

Ty

ﬁ‘;u:lz}t—wt_l‘l—ﬁ't—‘—A)\:,

where Ax; = x; —x;_1 is the first-difference operator and 5\;* = ﬁ(alqt—l—agit). Thus,

the optimal wage decision (77) is equivalent to

w . Kuw X ) w X
7 — Y1 = W(th + mirs, — W) + PE(7 — YwTte)
1 . . . .
+ a1 (AZy — BEAZ ) + ao(AG — BEAG1)). (79)

1—0&1
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This nominal-wage Phillips curve relation parallels that of the price-Phillips curve and

has similar interpretations.

IV.3. Linearizing other stationary equilibrium conditions. Taking total differ-

entiation in the investment decision equation (45) and using the steady-state conditions

that S(A;) = S’(A\r) = 0, we obtain
Gre = S"(A1)\] Ai — ﬁEtj\I,t—i-l] ; (80)

which, combined with the definition of the investment growth rate

Are = A+ Ay + anAZ), (81)
1—oy
implies the linearized investment decision equation in the text.
Taking total differentiation in the capital Euler equation (47) and using the steady-
state conditions that g, = 1, u = 1, a(1) = 0, 7, = d/(1), and %(1 —d+7) =1, we

obtain

Gre = By {Adt—l—l + AUc,t—l—l — AS\:H — A1 + )% [(1 —0) k1 — 001 + fkfk,t+1:| } ;

(52)
which, upon substituting the expressions for the Aj\j and Ag;, implies the linearized
capital Euler equation in the text.

The linearized capacity utilization decision equation (48) is given by

’fjkt = O'u’llt, (83)

where o, = ‘;,,,((11)) is the curvature parameter for the capacity utility function a(u)

evaluated at the steady state.

The linearized intertemporal bond Euler equation (49) is given by
O - Et [Adt+1 -+ AUC,H-l - Aj\;_l -+ lf{t - ﬁt-‘,—l y (84)

which, along with the definition of the exogenous term Aj\:f 1, implies the linearized
bond Euler equation in the text.

Log-linearize the capital law of motion (50) leads to

S T I . 6~ .
- = AN AG] — b+ =i
ky ¥ [k‘t 1 )\t (Jt] )\151& + Kzta (85)

which implies the linearized capital law of motion in the text.

To obtain the linearized resource constraint, we take total differentiation of (51) to
obtain

Uy = Cyéy + iyly 4 uyly + g0, (86)
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LK
YA Yy"

Log-linearizing the aggregate production function (52), we get

[}

_C ; _ _
where ¢, = £, iy = and g, =

U = O‘l[l%t—l + Uy — Aj\: — Ag] + Oé2zt

(a2 + AGy) | + cwoly. (87)

= o k:t_1+ut—1 -
—Qq

The linearized version of the factor demand relation (53) is given by
Wy = Fet ke + @ — AN — Ag — Iy

~

(O{QAét -+ Ath) — lt (88)

N - . 1
= T+ ki1 + U —
1—0&1

Finally, linearizing the interest rate rule (54) gives
Ry = pRyy+ (1= py) (6 (it — 77 (51)) + Gyt) + ovi, (89)
where
7*(sy) = logm*(s;) — log .
Note that, with regime-switching inflation target, we have

T (st) = s = 1} (1) + s, = 2}77(2) = [77(1), 77(2)]es,,

where

| s =1}
“ T s =2y

It is useful to use the result that the random vector ey, follows an AR(1) process:
Csp = Qespl + v,

where () is the Markov transition matrix of the regime and E; v, = 0.

IV.4. Summary of linearized equilibrium conditions. We now summarize the
linearized equilibrium conditions to be used for solving and estimating the model.

These conditions are listed below.



Ty — foTt—l =

Wy — Wy—1  +

Gt =

gt =

where

= [T (1), T (2)]es,
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K

ﬁ(ﬂpt + micy) + BE g1 — Ypfiel,
~ ~ Raw ~ ~ N
Tt — YwTt—1 — W(th + mrsy — ’LUt) +

BE[i1 — Wt + Te1 — YTt

\ 1
S"(A1)A\? {Az’t + 3

—

(A4 + 042A5t+1)] }

(Aqt —+ OéQAét)

A 1
—BE; |:A’Lt+1 + 1
-

N ~ 1
Ey {Aat+1 + AU 1 — 1

p
by

O Ut

- [a2AZi11 + Adit1]

{(1 — 0)d,+1 — 0dps1 + fkfk,tJrl} } ;

E¢ [Adt-i-l + AU 41 —

1-6 [ 1
ki1 —
A {“ 1

I -

1 . . ~ N
T a [ AZ 11+ 1 Adeta1] + Ry — 7Tt+1:| ,
-

0 - 1-6
(OéQAét + Aq})} — —51& + <1 — —> it,
AL Al

CyCy + tyiy + Uylly + GyGs,

. R 1
Qi [ktl + Uy — I

(AZ, + A(jt):| + aaly,
o

(A2 + AGy) — 1,

. N R 1
Tkt-i-kt—l—f'ut—l o
— g

ert—l + (1 - pr) I:(bﬂ'(ﬁ—t - ﬁ*(st)) + (bugt} + OrtErt,

= [a1 7kt + aoy] + &gy,

a1+ Qo2
= nit - Uct,
ﬁb(l - pa) A A . ) N
A= T O gy e AN
b P 1 * ~
+ (s — b)ﬁ(/\* — Bb) NEi(Grpr + AN ) — bE],

€y = Qest,l + Ui,

and the steady-state variables are given by

Al

T = E —(1-=9),
’I:kk a1
Uy = = =—,
YAr  Hp
. aq
iy, = [Ar—(1-9§ —,
b= -

¢y = 1—1y—gy,

17

(90)

(100)

(101)

(102)

(103)

(104)
(105)

(106)

(107)

(108)

(109)
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1 1
with Aj = (AAZ2) 7701, A = (AS2A01) et AN = (oqut + aA%), and g, cali-
brated to match the average ratio of government spendlng to real GDP.
Recall that 0, = %, Ary =op — 241, Kp = %, a= 1;‘3‘};?, 0, = Hgil,
o = L=B8w)1=8w) ﬁ&gi(l Sw) and T =Wy — Wy + T + AA:,

To compute the equilibrium, we eliminate @, by using (97), leaving 10 equations
(90)-(96) and (98)-(100) with 10 variables 7, Wy, i1, Gres Pres C1s ks G, 1, and Ry, Out
of these 10 variables, we have 7 observable variables, that is, all but ¢, 7%, and l;:t, for
our estimation. We also include the biased technology shock ¢; in the set of observable

variables.

V. GENERAL SETUP FOR ESTIMATION

In this section, we describe our empirical strategy in general terms so that the method
can be applied to any state-space-form model.

Consider a regime-switching DSGE model with s; following a Markov-switching pro-
cess. Let 0 be a vector of all the model parameters except the transition matrix for
s;. Let y; be an n x 1 vector of observable variables. In our case, n = 8. The vector
y¢ is connected to the state vector f;. For our regime-switching DSGE model, this
state-space representation implies a non-standard Kalman-filter problem as discussed
in Kim and Nelson (1999).

Let (Y3,0,Q, S;) be a collection of random variables where

Y;ﬁ = Y1, 7yt) € (Rn>t7
0 = (0i);en € (R’“)

(

(

Q = (G)usenxn € R,

S, = (sg,---,8)€ H™
(

T—t
St+1 - St41, 7ST) eH )

and H is a finite set with h elements and is usually taken to be the set {1,--- h}.
Because s; represents a composite regime, h can be greater than the actual number
of regimes at time t. The matrix @) is the Markov transition matrix and ¢; ; is the
probability that s; is equal to ¢ given that s, 1 is equal to 7. The matrix () is restricted

to satisty
qij >0 and Zqu’ =1.
ieH
The object # is a vector of all the model parameters except the elements in ). The

object S; represents a sequence of unobserved regimes or states. We assume that
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(Y, 6,Q,S;) has a joint density function p (Y}, 0,Q,S;), where we use the Lebesgue
measure on (R")" x (R")" x R" and the counting measure on H'*!. This density

satisfies the following key condition.
Condition 1.
p (st | Y;f—la 97 Q7 St—l) = sy,s4 1
for t > 0.
V.1. Propositions for Hamilton filter. Given p(y, | Y;_1,0,Q,s;) for all ¢, the

following propositions follow from Condition 1 (Hamilton, 1989; Chib, 1996; Sims,
Waggoner, and Zha, 2008).

Proposition 1.

p (St ‘ }/;‘/—17 07 Q) - Z qSt,st,lp (St—l | }/;—17 97 Q)

st,1€H

for t > 0.

Proposition 2.

p (yt | }/;5—17 97 Q7 St)p (St ‘ }/;—17 97 Q)
Zstfler (yt ‘ }/;/—17 97 Qv St)p (St | }/;—17 97 Q)

p(s|Y:,0,Q) =
for t > 0.

Proposition 3.

P(St | Y;,0,Q, 5t+1) =p (St | YT>9>QaStT+1)
for0<t<T.
V.2. Likelihood. We follow the standard assumption in the literature that the initial

data Y[ is taken as given. Using Kim and Nelson (1999)’s Kalman-filter updating

procedure, we obtain the conditional likelihood function at time ¢

p (yt | }/;f—la 9) Q7 St) : (110)

It follows from the rules of conditioning that

p(yt7 | }/;—1797@) = Z p(ytvst | }/;3—1797@)

st€H

= Z p(yt ‘ }/;—17‘97 Qv St)p(st | }/;—1797@) .

st€H
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Using (110) and the above equation, one can show that the likelihood function of Y7 is

T
p(Yr6,Q)=]]pw|Yier.0.Q)
t? (111)
= H Z P(yt | Yi—b&@ast)p(st | Yi1,0, Q)

t=1 |Lst€H

We assume that p(sg | ¥0,0,Q) = % for every s, € H.! Given this initial condition,

the likelihood function (111) can be evaluated recursively, using Propositions 1 and 2.

V.3. Posterior distributions. The prior for all the parameters is denoted by p (6, Q),
which will be discussed further in the main text of the article. By the Bayes rule, it
follows from (111) that the posterior distribution of (0, Q) is

The posterior density p(f,Q | Yr) is unknown and complicated; the Monte Carlo
Markov Chain (MCMC) simulation directly from this distribution can be inefficient
and problematic. One can, however, use the idea of Gibbs sampling to obtain the
empirical joint posterior density p(0,Q, St | Yr) by sampling alternately from the

following conditional posterior distributions:

p(ST | YTaev Q)?
p(Q ‘ YTvsTve)v

p(e | YT> Qa ST)

One can use the Metropolis-Hastings sampler to sample from the conditional posterior
distributions p(0 | Yr, @, St) and p(Q | Y7, St,0). To simulate from the distribution

p(St | Yr,0,Q), we can see from the rules of conditioning that

p(Sr|Yr,0,Q)=p(sr|Yr,0,Q)p (ST—l | Yr,0,Q, S7)

T . (113)
p(sr|Yr, 0,Q) H se | Yr,0,Q, St+1)
t=0

IThe conventional assumption for p (so | 0,Q) is the ergodic distribution of @, if it exists. This

convention, however, precludes the possibility of allowing for an absorbing regime or state.



TECHNICAL APPENDIX 21

where S{; = {41, -+ ,sr}. From Proposition 3,

p (St | YT>9,QaStT+1) =p (s | Y2,0,Q, 5141)
P (5,541 | Y1,0,Q)
B p (s | Y1,0,Q)
P (501 | Y0, 0,Q.5) p (s ] Y10, Q) (114)
p(sir1 | Y:,0,Q)
 GsnsD (81 Y1,0,Q)
B p(sir1 | Y:,0,Q)

The conditional density p (st | Yr, Z1,0,Q, StTH) is straightforward to evaluate accord-

ing to Propositions 1 and 2.

To draw Sp, we use the backward recursion by drawing the last state sy from the
terminal density p(sr|Yr,0, Q) and then drawing s; recursively given the path S7,
according to (114). It can be seen from (113) that draws of Sy this way come from
Pr(St|Yr,0).

V.4. Marginal posterior density of s;. The smoothed probability of s; given the
values of the parameters and the data can be evaluated through backward recursions.
Starting with sy and working backward, we can calculate the probability of s, condi-

tional on Y7, 6, Q) by using the following fact

b (St | YT7 97 Q) = Z b (St7 St41 ‘ YT7 97 Q)

si+1€H

= Z p(se | Yr,0,Q,50401) p (s | Y7, 0,Q)

st+1€H
where p (s; | Y7, 6, Q, si11) can be evaluated according to (114).

VI. COMPARING THE DSGE MODEL WITH THE BVAR MODEL

We compare our models with a four-lag BVAR model estimated with log level data.
The maximum log posterior density with (Sims and Zha, 1998)’s prior is 5116.80; thus,
by the Schwarz criterion, all the DSGE models fit to the data better. The marginal data
density for this BVAR, however, is 5866.18, higher than the marginal data densities of
DSGE models.

Figure 1 plots the time series of conditional likelihoods p(yt|}/t_1,§,cj). The like-
lihoods are smaller for the DSGE model because it has fewer parameters. But the
conditional likelihoods for both DSGE and BVAR models tend to move in tandem,
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implying that the DSGE model can capture the similar dynamics to those generated
by the BVAR model.
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